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The uniform continuity principle (UC) is the following statement:

UC Every pointwise continuous function F : {0, 1}N → N is uniformly continu-
ous.

Since the Cantor space {0, 1}N is compact, UC is classically true. It is well
known, however, that this need not be the case in the constructive mathematics
in the sense of Bishop [2].

Berger [1] showed that, in Bishop constructive mathematics, UC is equivalent
to a version of fan theorem, called c–FT, thereby gave a characterisation of UC
in terms of a fan theorem. In this talk, we generalise the above equivalence
to the setting of the Baire space NN. We formulate the corresponding uniform
continuity principle UCB for the Baire space and a version of bar induction,
called c–BI, and show that UCB and c–BI are equivalent.

The principle UCB is the following statement:

UCB Every pointwise continuous function F : NN → N is formally representable.

Here, a function F : NN → N is formally representable if F is of the form
Pt(r) : NN → N for some morphism r : B → N from the formal Baire space
B to the formal discrete space N of natural numbers in the category of formal
topologies FTop [4] (or that of formal spaces [3]), where Pt : FTop → Top is
the right adjoint of the standard adjunction between the category of topological
spaces Top and FTop.

The principle c–BI reads as follows:

c–BI For any c–bar P ⊆ N∗ and a predicate Q ⊆ N∗, if P ⊆ Q and Q is
inductive, then Q(〈〉).

Here, a predicate P ⊆ N∗ on the finite sequences of N is a c–bar if

1. P is a bar, i.e.
(
∀α ∈ NN) (∃n ∈ N)P (〈α(0), . . . , α(n− 1)〉),

2. there exists a function δ : N∗ → N such that

(∀a ∈ N∗) [P (a)↔ (∀b ∈ N∗) δ(a) = δ(a ∗ b)] ,

and a predicate Q ⊆ N∗ is inductive if (∀a ∈ N∗) [(∀n ∈ N)Q(a ∗ 〈n〉)→ Q(a)] .
We have BIM ⇒ c–BI⇒ BID, where BIM is the monotone bar induction and
BID is the bar induction for decidable bars [5].

The equivalence between UCB and c–BI can be seen as a generalisation of
that of Berger in the light of the following observations.



1. A function F : {0, 1}N → N is uniformly continuous if and only if F is
formally representable by some morphism r : C → N from the formal Cantor
space C to N .

2. If we replace NN with {0, 1}N and N∗ with {0, 1}∗ everywhere in the state-
ment of c–BI, we obtain a version of fan theorem which is equivalent to
c–FT.

We work in Bishop constructive mathematics with the axiom of countable
choice and generalised inductive definitions which have rules with countable
premises.
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U. Berger, B. Löwe, and J. V. Tucker, editors, Logical Approaches to Computational
Barriers, Second Conference on Computability in Europe, CiE 2006, Swansea, UK,
June 30-July 5, 2006, Proceedings, volume 3988 of Lecture Notes in Computer Sci-
ence, pages 35–39. Springer, 2006.

2. E. Bishop. Foundations of Constructive Analysis. McGraw-Hill, New York, 1967.
3. M. Fourman and R. Grayson. Formal spaces. In A. S. Troelstra and D. van Dalen,

editors, The L.E.J. Brouwer Centenary Symposium, pages 107–122. North Holland,
Amsterdam, 1982.

4. G. Sambin. Intuitionistic formal spaces — a first communication. In D. Skordev,
editor, Mathematical Logic and its Applications, volume 305, pages 187–204. Plenum
Press, New York, 1987.

5. A. S. Troelstra and D. van Dalen. Constructivism in Mathematics: An Introduction.
Volume I, volume 121 of Studies in Logic and the Foundations of Mathematics.
North-Holland, Amsterdam, 1988.


