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Abstract. Flaminio and Montagna (2008) enlarged the language of
MV-algebras by a unary operation σ, called internal state or a state
operator, equationally defined so as to preserve the basic properties of a
state in its usual meaning. The resulting class of MV-algebras is called
state MV-algebras. Jenča (2007) and Vetterlein (2008), using different
approaches, represented MV-algebras through the quotient of a Boolean
algebra B by a suitable subgroup G of the group of all automorphisms
of B. Such a couple (B, G) is called an MV-pair. We introduce the notion of a state MV-pair as a triple (B, G, σ), where (B, G) is an MV-pair
and σ is a state operator on B, and show that there are relations between state MV-pairs and state MV-algebras similar to the relations
between MV-pairs and MV-algebras. We also give a characterization of
those MV-pairs, resp. state MV-pairs, that induce subdirectly irreducible
MV-algebras, resp. state MV-algebras.

MV-algebras were introduced as algebraic bases for many-valued logic [3].
That is, MV-algebras stand in relation to the Lukasziewicz infinite valued logic as
Boolean algebras stand to classical two-valued logic. A key relationship between
Boolean algebras and MV-algebras lies in the fact that the set of all idempotents
of an MV-algebra M is a Boolean algebra, in fact the greatest Boolean subalgebra
of M . The Boolean algebra of idempotents can be considered as a system of
classical propositions, while the surrounding algebra M can be considered as an
extension of the classical logic by fuzzy, resp. unsharp propositions.
Another relation between MV-algebras and Boolean algebras was described
in [10], where a representation theorem for MV-algebras is given in terms of
Boolean algebras and their automorphism groups. Actually, it is shown in [10]
that given a Boolean algebra B and a subgroup G of its automorphism group
satisfying certain conditions, the pair (B, G) can be canonically associated with
an MV-algebra. Such pairs (B, G) are called MV-pairs. Conversely, given an MValgebra M , if B(M ) denotes its R-generated Boolean algebra [11] and G(M )
is a special subgroup of the automorphism group of B(M ), it turns out that
(B(M ), G(M )) forms an MV-pair. In [7], a categorical development of the results
in [10] is presented.
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This work was supported by grant VEGA 2/0059/12 and by Science and Technology
Assistance Agency under the contract no. APVV-0178-11.

2

S. Pulmannová

MV-algebras are equivalent to MV-effect algebras [4], which are a special
subclass of a more general class of effect algebras [9]. Equivalence between MValgebras and MV-effect algebras was used in [10], where it was proved that given
an MV-pair (B, G), G induces a congruence on B such that the quotient B/G
is an MV-effect algebra.
States on MV-algebras, as averaging of truth values, were studied in [12].
Recently, the notion of a state was generalized in [8] to an algebraically defined
notion for MV-algebras. The language of MV-algebras has been enlarged by a
unary operation σ, called an internal state or a state operator. Such MV-algebras
are called state-MV-algebras. These algebras are now intensively studied, e.g.
[6]. In [2], a generalization of the notion of a state operator for effect algebras
was introduced and studied. The authors also introduced the notion of a strong
state operator, and have shown that the effect algebra state operator coincides,
on MV-effect algebras, with the MV-algebra state operator as introduced in [8]
if and only if it is strong.
The present contribution is based on [1], where internal states in connection with MV-pairs are studied. Namely, we study relations between state MValgebras and state Boolean algebras, which are connected by an MV-pair. One
of the main results is the following [1, Theorem 4.11]:
Theorem 1. If (B, G, σ) is a (strong) state-MV-pair, then M = B/G is a
(strong) state-MV-effect algebra with the state operator σ∗ ([a]G ) = [σ(a)]G . Conversely, if (M, σ) is a (strong) state-MV-effect algebra, then (B(M ), G(M ), σ ∗ ),
where σ ∗ (a) = σ([a]G(M ) ), is a strong state-MV-pair and (σ ∗ )∗ = σ.
The outline of the talk is as follows.
1. We introduce some definitions and known results that we need in what
follows.
2. We introduce a new definition of morphisms of MV-pairs (which, in our
opinion is more transparent), and we show that it is equivalent with the original
definition introduced in [7].
3. We introduce the notions of state MV-pairs and strong state MV-pairs,
and study their relations with state MV-algebras.
4. We find conditions under which an MV-pair, resp. a state MV-pair, gives
rise to a linearly ordered and to a subdirectly irreducible MV-algebra, resp. a
subdirectly irreducible state-MV-algebra.
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