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Abstract algebraic logic is a theory that provides a general framework for the
uniform study of propositional logics. One of its main achievements is the devel-
opment of the so-called Leibniz and Frege hierarchies (see for example [1,2,3]).
In the first one propositional logics are classified according to properties related
to the definability of their truth predicates and of logical equivalence. While
in the second one they are classified by means of general kinds of replacement
properties. In this talk we study the problem of classifying logics in these two
hierarchies from a computational point of view; this problem was formulated by
Félix Bou in the Seminar on Non-Classical Logics of the University of Barcelona.
In particular we will focus on logics defined syntactically by a Hilbert-style cal-
culus and on logics defined semantically by a finite set of finite matrices. Ac-
cordingly, the problem of classifying logics in the Leibniz and Frege hierarchies
can be formulated both in syntactic and semantic terms. Not surprisingly the
semantic version of this problem seems easy. In fact it is possible to describe an
algorithm, which classifies logics determined by a finite set of finite matrices of
finite type into the Leibniz hierarchy. An implementation of it is freely available
online [9].

The main goal of this talk will be that of proving that, in the case of syn-
tactically presented logics, the situation is the opposite. More precisely we will
show the following:

Theorem 1. Let K a level of the Leibniz (Frege) hierarchy. The problem of
determining whether the logic of a finite Hilbert calculus in a finite language
belongs to K is undecidable.

Our proof relies on the idea of embedding an undecidable purely algebraic
problem into that of classifying logics of Hilbert calculi in the Leibniz and Frege
hierarchies. Beginning by the case of the Leibniz hierarchy, the following con-
struction (introduced in [4,5]) will be useful: given a variety of algebras V, the
basic logic Ly of V is the logic determined by the class of matrices

{(A,F): A€V and F C A}.

In general the logic Ly can fail to be finitely Hilbert-axiomatizable, even if
the variety V is finitely based. For example, this is the case for the variety
of commutative magmas. Nevertheless we provide an explicit and finite (but
not very intuitive) Hilbert calculus for the basic logic Lcgr of the variety CR of
commutative rings with unit. This will give us the framework of a finite Hilbert
calculus in which we wish to embed ring theoretic undecidable problems.



Accordingly to this intuition, given a Diophantine equation p = 0, we slightly
modify the calculus of Lcg obtaining a new logic £(p) in a way such that

p = 0 has an integer solution <= L(p) belongs to K,

where K is an arbitrary level of the Leibniz hierarchy. Since the problem of
determining whether a given Diophantine equation has an integer solution is
undecidable [6], we conclude that the problem of classifying logics of Hilbert
calculi into the Leibniz hierarchy must be undecidable too.

In the case of the Frege hierarchy we will make use of a different, but similar,
proof strategy. For every equation o = 3 of relational algebras RA in one variable
x, we define (trough a finite Hilbert calculus) an algebraizable logic £L(«, ) in a
way such that

RAE a = <= L(a, B) is inconsistent
< L(a, 8) belongs to K,

where K is an arbitrary level of the Frege hierarchy. The fact that only variable
x appears in a = (8 plays a central role in the proof of the above equivalences.
Since the equational theory in one variable x of relational algebras is undecidable
[7,8], we conclude that the problem of classifying logics of Hilbert calculi into
the Frege hierarchy must be undecidable too.

References

1. J. Czelakowski. Protoalgebraic logics, volume 10 of Trends in Logic—Studia Logica
Library. Kluwer Academic Publishers, Dordrecht, 2001.

2. J. M. Font. Abstract algebraic logic: An introductory textbook. Forthcoming, 2015.

3. J. M. Font, R. Jansana, and D. Pigozzi. A survey on abstract algebraic logic. Studia
Logica, Special Issue on Abstract Algebraic Logic, Part II, 74(1-2):13-97, 2003. With
an “Update” in 91 (2009), 125-130.

4. J. M. Font and T. Moraschini. Logics of varieties, logics of semilattices, and con-
junction. Logic Journal of the IGPL, 22:818-843, 2014.

5. J. M. Font and T. Moraschini. On the logics associated with a given variety of
algebras. In A. Indrzejczak, J. Kaczmarek, and M. Zawidzki, editors, Trends in
Logic XIII: Gentzen’s and Jaskowski’s heritage. 80 years of natural deduction and
sequent calculi, pages 67-80, L4dz, 2014. Wydawnictwo Uniwersytetu Lodzkiego.

6. Y. V. Matiyasevich. Diophantine sets. Russian Mathematical Surveys, 27(5):124—
164, 1972.

7. A. Tarski. Some metalogical results concerning the calculus of relations. Journal of
Symbolic Logic, 18:188-189, 1953.

8. A. Tarski and S. Givant. A formalization of set theory without variables, volume 41 of
American Mathematical Society Colloquium Publications. American Mathematical
Society, Providence, RI, 1987.

9. A. Vidal. Leibniz classifier. iiia.csic.es/"amanda/files/LClassifier.zip,
February 2015.



	Undecidability in abstract algebraic logic

