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Abstract. Varieties generated by quasi-primal algebras are a natural
generalisation of Boolean algebras and play an important role in the
interface between logic and universal algebra. A Cornish algebra is a
bounded distributive lattice equipped with a family of unary operations
each of which is either an endomorphism, and so models a strong form
of modal operator, or a dual endomorphism, and so models a De Mor-
gan negation. We characterise quasi-primal Cornish algebras. The results
yield as a special case a recent result by Davey, Nguyen and Pitkethly de-
scribing quasi-primal Ockham algebras. Our characterisation is in terms
of the Priestley dual of the algebra.
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In the late 1940s, Tarski proved that the first-order theory of Boolean algebras
is decidable [7]. This can be restated as the the first-order theory of the variety
generated by the two-element Boolean algebra is decidable. In the early 1970s, it
was realised (independently) by Pixley [5, 6] and Werner [8] that many of the
important properties of the variety of Boolean algebras stem from the fact that
the ternary discriminator function t, given by

t(x, y, z) =

{
x, if x 6= y,

z, if x = y,

is a term function of the two-element Boolean algebra. (It is very easy to check
that t(x, y, z) := ((x ∧ z) ∨ y′) ∧ (x ∨ z) yields the ternary discriminator on the
two-element Boolean algebra.)

A finite algebra is called quasi-primal if it has the ternary discriminator as
a term function. In the late 1970s, Werner extended Tarski’s result by showing
that every variety generated by a quasi-primal algebra has a decidable first-order
theory. Ten years later, this result played an important role in McKenzie and
Valeriote’s characterisation of locally finite varieties with a decidable theory [4].
(See Werner [9] for a detailed discussion of quasi-primal algebras.) Given their
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importance, it is natural to seek descriptions of the quasi-primal algebras in
familiar classes of algebras. Here we characterise quasi-primal Cornish algebras.

An algebra A = 〈A;∨,∧, FA, 0, 1〉 is a Cornish algebra if A[ := 〈A;∨,∧, 0, 1〉
is a bounded distributive lattice, F = F− ∪̇ F+, and each fA ∈ FA is an
endomorphism of A[ if f ∈ F+ and is a dual endomorphism of A[ if f ∈ F−.
When f ∈ F−, the operation fA models a negation that satisfies De Morgan’s
laws. The operations fA, for f ∈ F+, model strong modal operators which
preserve ∧ as well as ∨; the next operator of linear temporal logic is an example.
Cornish algebras are a natural generalisation of Ockham algebras, which have
been extensively studied [1]. Ockham algebras are the special case of Cornish
algebras in which F = F− = {f}.

Recently, Davey, Nguyen and Pitkethly [3] characterised quasi-primal Ock-
ham algebras. Here we give an external characterisation of quasi-primal Cornish
algebras and derive from it completely internal sufficient conditions for a Cor-
nish algebra to be quasi-primal. Our results yield the Davey–Nguyen–Pitkethly
result for Ockham algebras as a special case. Both the external necessary-and-
sufficient conditions and the internal sufficient conditions are expressed in terms
of the Priestley dual of the algebra.

Let H : D→ P and K : P→D be the Priestley duality functors between the
categories D of bounded distributive lattices and P of Priestley spaces. Using
Priestley duality, each finite Cornish algebra A is, up to isomorphism, of the
form A = K(W) where W is a finite Cornish space, that is, a structure W :=
〈W ;FW,6〉 such that 〈W ;6〉 is a finite ordered set, and FW = { fW | f ∈ F } is
a set of unary operations on W with fW order-preserving for each f ∈ F+, and
order-reversing for each f ∈ F−. Ockham spaces arise in the special case when
F = F− = {f}.

Since a quasi-primal algebra must be simple, it follows easily that if A =
K(W) is quasi-primal, then the Cornish space W has no non-empty proper sub-
structures. It is less obvious that a quasi-primal Cornish algebra must have
F− 6= ∅.

Lemma 1. Let A = K(W) be a quasi-primal Cornish algebra. Then F− 6= ∅
and W has no non-empty proper substructures.

Our external characterisation of quasi-primal Cornish algebras is in terms of
pairs of jointly surjective morphisms.

Theorem 2. Let A = K(W) be a finite Cornish algebra. Then A is quasi-
primal if and only if

(i) W has no proper non-empty substructures, and
(ii) for every finite Cornish space P and every pair of jointly surjective mor-

phisms ϕ0, ϕ1 : W → P, if there exists a, b ∈ W with ϕ0(a) 6 ϕ1(b) or
ϕ0(a) > ϕ1(b), then there exists c, d ∈W with ϕ0(c) = ϕ1(d).

We can now give our internal sufficient conditions on W for A = K(W) to
be quasi-primal. Since each operation symbol f ∈ F belongs to either F+ or F−,
we can extend the +/− labelling to the set T of unary terms in the natural way.
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Theorem 3. Let A = K(W) be a finite Cornish algebra. Then A is quasi-
primal provided W has the following properties:

(i) W has no proper non-empty substructures, and
(ii) there exists a unary term t ∈ T− such that, for all w ∈ W , the tW-orbit

of w eventually reaches an odd cycle.

As an application of Thm. 3, below we see the start of an infinite family of
quasi-primal Cornish algebras: f ∈ F+ are indicated by solid lines and f ∈ F−
are indicated by dotted lines.
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The characterisation of quasi-primal Ockham algebras by Davey, Nguyen and
Pitkethly [3] can easily be derived from our results.

Theorem 4. Let W := 〈W ; fW,6〉 be a finite Ockham space. Then the Ockham
algebra A = K(W) is quasi-primal if and only if |W | is odd, 〈W ;6〉 is an
antichain and fW is a cyclic permutation of W .
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