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Dual characterization results for finite lattices. The proposed talk reports on
the paper [10]. The starting point of this paper is a duality for finite lattices,
established by Santocanale [17]. The structures dually equivalent to finite lattices
are referred to as join-presentations, and are certain triples (X, ≤, M) such that
(X, ≤) is a finite poset, and M : X −→ PPX. In [17], it has been pointed out—
and indicated as a worthwhile research direction—that the existence of this
duality makes it possible to investigate systematic dual characterization results,
between equations or inequalities in the algebraic language of lattices on one side,
and first-order conditions in the language of join-presentations on the other. One
significant instance of such systematic dual characterizations has been developed
in the same paper, between a class of inequalities in the language of lattices and
a corresponding class of first-order conditions. This result generalizes Nation’s
[14, Section 5] stating that a certain class of finite lattices1 is a pseudovariety,
and is similar to Semenova’s results in [18].
From modal logic to unified correspondence theory. Modal logic is an area in
which systematic dual characterization results have been extensively developed,
giving rise to a very rich theory—the so-called modal correspondence theory—
which has been investigated for almost forty years. Modal correspondence theory was originally developed in a purely model-theoretic way [1]. However,
correspondence-related phenomena have been studied in an algebraic framework
subsuming duality theory since the early 50s [13], and very recently, building
on [4,5], a unified correspondence framework has emerged [3], which is based
on duality, uniformly extends correspondence theory to an array of nonclassical
logics which includes (distributive) lattice-based modal logic [4,8], regular modal
logics [16], modal mu-calculus [7,2], and hybrid logic [6], and has been applied
to different issues, including the understanding of the relationship between different methodologies for obtaining canonicity results [15], or of the phenomenon
of pseudo-correspondence [9]. and the identification of the syntactic shape of
axioms which can be translated into structural rules of a properly displayable
calculus [11]. The present talk concerns another such application of the tools of
unified correspondence.
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Namely, the finite lattices such that the length of their D-chains has a uniform upper
bound.
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Main contribution. Indeed, given the availability of this theory, it seems natural
to try and understand dual characterization results such as [17, Proposition 8.5]
as instances of a more general unified correspondence mechanism. This is what
the paper [10] does, by establishing a novel dual characterization result similar
to Nation’s. Our result paves the way to the mechanization and systematization
of dual characterizations such as the one in [17].
Methodology: basic algorithmic correspondence for monotone modal logic. Our
approach is based on an adaptation of the algorithm/calculus ALBA of [4] to
the case of monotone modal logic. This adaptation is necessary, since some of the
rules in the standard version of the algorithm would not be sound for the modal
connectives of monotone modal logic, and is one of the contributions of [10]. The
adapted ALBA is semantically justified in the general environment of two-sorted
frames, which are general structures that can encode monotone neighbourhood
frames as special cases. As their name suggests, two-sorted frames are relational
structures based on two domains. Normal modal operators can be associated
in the standard way with the binary relations on two-sorted frames. Monotone
modal operators can be then interpreted on two-sorted frames as the composition
of some of these normal modalities. This provides the basic semantic environment
for the adapted ALBA.
Correspondence theory for monotone modal logic has already been studied in
[12], where a class of monotone modal formulas which are guaranteed to have
a first-order correspondent has been identified. However, the class of inductive
inequalities corresponding to the ALBA setting is strictly larger than the one in
[12].
Enhancing ALBA. However, the translations of inequalities such as Nation’s
[14] and as the ones treated in the present paper fall outside the inductive class.
Hence, another contribution of [10] is the addition of special rules which are
sound on the specific semantic setting arising from finite lattices. Interestingly,
an Ackermann-type rule features among these additional rules, the soundness of
which cannot be straightforwardly explained in terms of the Ackermann lemma
(which, as discussed in [4,3], is the engine of the original ALBA), but which
however still intuitively encodes a minimal valuation argument.
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