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In 1969 Duskin proved that the dual of the category KHaus of compact Haus-
dorff spaces and continuous maps is monadic over Set [4, 5.15.3]. This result,
from a logical point of view, has two different consequences: on the one hand,
it tells us that KHausop is equationally axiomatisable in a (possibly infinitary)
algebraic language; on the other hand, that it is axiomatisable in some extension
of ordinary first-order logic.

Regarding the algebraic language, it is a classical result in category theory
that categories which are monadic over Set coincide, up to equivalence, with
varieties of (possibly infinitary) algebras (see [7], or [8, Theorem 5.40 p. 66,
Theorem 5.45 p. 68]). The question arises whether KHausop is equivalent to
a finitary variety of algebras. The answer is no, and this can be proved by
showing that the endofunctor of the induced monad on Set is not finitary (recall
that a functor is finitary if it preserves directed colimits, and that a category
monadic over Set is equivalent to a variety of finitary algebras if, and only if, the
associated monad is finitary [1, p. 149]). However Isbell proved [5] that KHausop

is equivalent to an ℵ1-variety (that is, a variety in which every function symbol
has arity strictly smaller than ℵ1, i.e. at most countable): more precisely, the
signature of the latter consists of finitely many finitary operations, along with
exactly one operation of countably infinite arity. Indeed, Isbell defined an explicit
set of operations and showed that it suffices to generate the algebraic theory of
KHausop, in the sense of S lomińsky, Lawvere, and Linton [10, 6, 7]; the algebraic
theory of KHausop had been described by Negrepontis in [9], by means of Gelfand-
Naimark duality between KHaus and the category of commutative unital complex
C∗-algebras. The problem of axiomatising by equations some ℵ1-variety dually
equivalent to KHaus has remained open. Using the theory of MV-algebras as a
key tool, along with Isbell’s basic insight on the semantic nature of the infinitary
operation, we provide a finite axiomatisation. Specifically, we introduce a variety
of infinitary algebras, that we call δ-algebras, we prove that the category of δ-
algebras is a full subcategory of the category of MV-algebras, and we show that
it is dually equivalent to KHaus.

With respect to the first-order language, or some extension of it, it is known
that ℵ1-varieties are locally ℵ1-presentable categories (this is a particular case
of [1, Theorem 3.28]). Recall that, for an infinite regular cardinal λ, an object A
of a category is λ-presentable if the covariant hom-functor hom(A,−) preserves
λ-directed colimits. A category is said to be λ-accessible if it admits a set A of
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λ-presentable objects, such that every object of the category is a λ-directed col-
imit of objects from A. The category is locally λ-presentable if it is λ-accessible
and cocomplete. In turn, locally λ-presentable categories are precisely, up to
equivalence, the categories of models of certain theories (called limit theories)
in the infinitary language Lλ,λ [1, Theorem 5.30]. The latter is an extension of
first-order logic that allows (finitary function symbols and relation symbols, and)
conjunctions and disjunctions of sets of formulæ of cardinality smaller than λ,
as well as existential and universal quantification over sets of variables of car-
dinality smaller than λ. This shows that KHausop can be axiomatised with a
(limit) theory in a language that allows countable conjunctions, disjunctions,
and quantifications. It is not known whether KHausop is axiomatisable with a
first-order theory. Nevertheless, Banaschewski proved [2, p. 1116] that any full
subcategory of KHaus, extending the category St of zero-dimensional compact
Hausdorff spaces and continuous maps, whose dual is (equivalent to) a class of
first-order structures closed under products, has to coincide with St. In partic-
ular, KHausop is not axiomatisable with a first-order theory whose category of
models is closed under products. In this direction, we prove that any full sub-
category of KHaus extending St, whose dual is (equivalent to) an ℵ0-accessible
category, has to coincide with St. Since ℵ0-accessible categories are, up to equiv-
alence, precisely the categories of models of geometric theories of presheaf type
(see for example [3, Proposition 0.1]), it follows that KHausop is not axiomatis-
able with a theory of presheaf type. We remark that Banaschewski’s result and
ours are not comparable: neither of them implies the other.
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