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Relational lattices were introduced by Spight and Tropashko in a series of
preprints [6,7,8]; equational principles were shown to hold in a signature strictly
larger than the one of lattice theory. Litak, Mikulás and Hidders [2] exhibited
later two non-trivial lattice identities holding in this class.
Relational lattices are interesting in view of their close connection with
database theory. An element of the relational lattice R(D, A) is a table whose
entries are from D and whose header is a subset of A, a total set of attributes;
mathematically, a table is a pair (X, T ) with X ⊆ A and T ⊆ DX . Given two
tables (Xi , Ti ), i ∈ 2, the order is given by (X0 , T0 ) ≤ (X1 , T1 ) iff X1 ⊆ X0 and
T0 ⊆ {f | fX1 ∈ T1 }. This ordered set is a lattice whose operations coincide
with two well-known operations in the theory and practice of databases. The
meet is the outer-join of tables:
(X0 , T0 ) ∧ (X1 , T1 ) = (X0 ∪ X1 , T ),

T = {f ∈ DX0 ∪X1 | fXi ∈ Ti , i = 0, 1},

while the join is the inner-union of tables:
(X0 , T0 ) ∨ (X1 , T1 ) = (X0 ∩ X1 , T ) ,
T = {f ∈ DX0 ∩X1 | ∃i ∈ 2, g ∈ Ti , f = gX0 ∩X1 }.
It was argued in [2] that R(D, A) arises via a closure operator on the powerset
P (A + DA ) and, at the same time, as the category of elements of the functor
FA,D , from P (A)op to J SLc (the category of complete join-semilattices), sending
X ⊆ A to DX and then DX covariantly to P (DX ).
We depend on these observations in our quest for further knowledge on the
equational theory of relational lattices. We tackle this problem using the duality developed in [3] and further understood through our collaboration with F.
Wehrung [4,5]. W
For a complete lattice L, a join-cover of x ∈ L is a subset Y ⊆ L
such that x ≤ Y . Relational lattices are (complete) spatial lattices such that
every join-cover of a completely join-irreducible refines to a minimal one. This
property allows to define the dual structure, known as the OD-graph, of any spatial lattice. This is the structure hJ (L), ≤, Ci with J (L) the set of completely
join-irreducible elements, ≤ the restriction of the order to J (L), and the relation
j C C holds when j ∈ J (L), C ⊆ J (L), and C is a minimal join-cover of j.
We identify completely join-irreducible elements of R(D, A) with elements of
the disjoint sum A + DA , see [2]. Being atomistic, the order on completely joinirreducible elements is discrete. All the elements of A are join-prime; whence the
only minimal join-cover of x ∈ A is the trivial one, {x}. The minimal join-covers
of elements in DA can be easily described via an ultrametric distance valued in
the join-semilattice P (A); this is, morally, the Hamming’s one, δ(f, g) = {x ∈

2

L. Santocanale

A | f (x) 6= g(x)}. Whenever f, g ∈ DA we have f C δ(f, g) ∪ {g} and these are
all the minimal join-covers of f .
We give proofs, relying on this duality, that identities AxRL1 and AxRL2
from [2] hold in relational lattices. More importantly, we exhibit an infinite
collection of identities (including but not restricted to the ones given below)
that holds in the class of relational lattices. Some properties of the OD-graph,
of the ultrametric space, and of the functor FA,D , play a key role when showing
these identities valid. Namely:
P1. Every non-trivial minimal join-cover contains at most one join-irreducible
element which is not join-prime.
P2. The distance function (whence the coverings) is symmetric.
P3. The functor FA,D : P (A)op −−→ J SLc sends a pullback square (i.e., a square
of inclusions with objects X ∩ Y, X, Y, Z) to a square satisfying the BeckChevalley condition. This property include a form of Malchev condition,
stating that a collection of congruences commute.
We show that property P1 of an OD-graph is definable by the lattice identity
(x ∧ (yl ∨ zl ∨ w) ∨ (x ∧ (yr ∨ zr ∨ w)) = (x ∧ (yr ∨ zl ∨ w)) ∨ (x ∧ (yl ∨ zr ∨ w))
with yl := y0 ∧ (y1 ∨ y2 ), yr := (y0 ∧ y1 ) ∨ (y0 ∧ y2 ), and similarly for zl and zr .
Noticing that yr ≤ yl and zl ≤ zr , the reader will recognize the similarity with
AxRL2. This identity is strictly stronger than AxRL2; it is possible to derive
from it the similar identities with yl , yr , zl , zr instantiated by any tuple of lattice
terms such that the equalities yl = yr and zl = zr hold on distributive lattices. In
relational lattices, every minimal join-cover contains exactly one join-irreducible
which is not join-prime; yet this variant of P1 turns out not to be definable by
lattice identities.
It is possible to further investigate properties P2 and P3 in a larger setting,
using semidirect products of join-semilattices (the Grothendieck construction)
and the particular case when such a semidirect product arises from a (generalized, possibly non-symmetric) ultrametric space valued on a powerset—see [1]
for usual ultrametric spaces and lattices. In presence of P1, symmetry and the
Beck-Chevalley property can be understood as properties of the OD-graph. SymmetryWis the following property: if k0 C C ∪ {k1 } with k1 not join-prime, then
k1 ≤ C ∨k0 —i.e. k1 CD for some D which refines C ∪{k1 }. The Beck-Chevalley
property is the following one: if k0 C C0 ∪ C1 ∪ {k2 } with k2 not join-prime and
C0 , C1 , {k2 } pairwise disjoint, then k0 C C0 ∪ {k1 } and k1 C C1 ∪ {k2 } for some
completely join-irreducible element k1 . Assuming P1, the following is a group
of identities—valid on relational lattices—by which we can characterize lattices
whose OD-graph are symmetric and have the Beck-Chevalley property:
x ∧ (y ∨ z) =
(x ∧ (y ∨ (z ∧ (x ∨ y)))) ∨ (x ∧ (z ∨ (y ∧ (x ∨ z)))) ,
x ∧ ((y ∧ z) ∨ (y ∧ x) ∨ (z ∧ x)) = (x ∧ y) ∨ (x ∧ z) ,
x ∧ ((x ∧ y) ∨ zl ) = (x ∧ ((x ∧ y) ∨ zr )) ∨ (x ∧ zl ) .
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