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How to embed BA into DeV?

For B € BA, let B be the MacNeille completion of B. (That is, B is
the complete Boolean algebra of normal ideals of B, where an
ideal I C B is normal if I“! = I.) Then B embeds into B by

a — |a, and WLOG we assume that B is a subalgebra of B.

Define < on B by x < y if there is a € B with x < a <y. Then
(B, <) is the de Vries algebra corresponding to the Boolean
algebra B.



The unification



The unification

77 77
KHaus T KRFrm
Spec T CohFrm

N N

Stone zKFrm




Way below relation



Way below relation

Observe that fixpoints of < are exactly the elements of Z(L).



Way below relation

Observe that fixpoints of < are exactly the elements of Z(L).
Thus, KRFrm generalizes zKFrm by looking at < instead of its
fixpoints.



Way below relation

Observe that fixpoints of < are exactly the elements of Z(L).
Thus, KRFrm generalizes zKFrm by looking at < instead of its
fixpoints.

Similarly, to generalize CohFrm we must look at the relation
whose fixpoints are exactly the elements of K(L).



Way below relation

Observe that fixpoints of < are exactly the elements of Z(L).
Thus, KRFrm generalizes zKFrm by looking at < instead of its
fixpoints.

Similarly, to generalize CohFrm we must look at the relation
whose fixpoints are exactly the elements of K(L). But this is
exactly the way below relation <!



Way below relation

Observe that fixpoints of < are exactly the elements of Z(L).
Thus, KRFrm generalizes zKFrm by looking at < instead of its
fixpoints.

Similarly, to generalize CohFrm we must look at the relation
whose fixpoints are exactly the elements of K(L). But this is
exactly the way below relation <!

We say that a is way below b and write a < b if b < \/ S implies
a < \/ T for some finite T C S.



Local compactness



Local compactness

Definition:



Local compactness

Definition:

@ A frame L is locally compact ifa = \/{b | b < a} for all
acl.



Local compactness

Definition:

@ A frame L is locally compact ifa = \/{b | b < a} for all
acl.

@ A space X is locally compact if x € U € 7 implies there is
V € 7 and a compact K withx e VC K C U.



Local compactness

Definition:

@ A frame L is locally compact ifa = \/{b | b < a} for all
acl.

@ A space X is locally compact if x € U € 7 implies there is
V € 7 and a compact K withx e VC K C U.

Theorem: If X is a locally compact space, then 2(X) is a locally
compact frame.



Local compactness

Definition:

@ A frame L is locally compact ifa = \/{b | b < a} for all
acl.

@ A space X is locally compact if x € U € 7 implies there is
V € 7 and a compact K withx e VC K C U.

Theorem: If X is a locally compact space, then 2(X) is a locally
compact frame. Conversely, if L is a locally compact frame, then
pt(L) is a locally compact space.



Local compactness

Definition:

@ A frame L is locally compact ifa = \/{b | b < a} for all
acl.

@ A space X is locally compact if x € U € 7 implies there is
V € 7 and a compact K withx e VC K C U.

Theorem: If X is a locally compact space, then 2(X) is a locally
compact frame. Conversely, if L is a locally compact frame, then
pt(L) is a locally compact space.

Proof:



Local compactness

Definition:

@ A frame L is locally compact ifa = \/{b | b < a} for all
acl.

@ A space X is locally compact if x € U € 7 implies there is
V € 7 and a compact K withx e VC K C U.

Theorem: If X is a locally compact space, then 2(X) is a locally
compact frame. Conversely, if L is a locally compact frame, then
pt(L) is a locally compact space.

Proof: Suppose x € U.



Local compactness

Definition:
@ A frame L is locally compact ifa = \/{b | b < a} for all
acl.

@ A space X is locally compact if x € U € 7 implies there is
V € 7 and a compact K withx e VC K C U.

Theorem: If X is a locally compact space, then 2(X) is a locally
compact frame. Conversely, if L is a locally compact frame, then
pt(L) is a locally compact space.

Proof: Suppose x € U. Since X is locally compact, there exist V
open and K, compact such thatx € V, CK, C U.



Local compactness

Definition:
@ A frame L is locally compact ifa = \/{b | b < a} for all
acl.

@ A space X is locally compact if x € U € 7 implies there is
V € 7 and a compact K withx e VC K C U.

Theorem: If X is a locally compact space, then 2(X) is a locally
compact frame. Conversely, if L is a locally compact frame, then
pt(L) is a locally compact space.

Proof: Suppose x € U. Since X is locally compact, there exist V
open and K, compact such that x € V,, C K, C U. Therefore,
xeVy<U.



Local compactness

Definition:
@ A frame L is locally compact ifa = \/{b | b < a} for all
acl.

@ A space X is locally compact if x € U € 7 implies there is
V € 7 and a compact K withx e VC K C U.

Theorem: If X is a locally compact space, then 2(X) is a locally
compact frame. Conversely, if L is a locally compact frame, then
pt(L) is a locally compact space.

Proof: Suppose x € U. Since X is locally compact, there exist V
open and K, compact such that x € V,, C K, C U. Therefore,

x € Vy<U. Thus,U=}{V |V <« U}.



Local compactness

Definition:
@ A frame L is locally compact ifa = \/{b | b < a} for all
acl.

@ A space X is locally compact if x € U € 7 implies there is
V € 7 and a compact K withx e VC K C U.

Theorem: If X is a locally compact space, then 2(X) is a locally
compact frame. Conversely, if L is a locally compact frame, then
pt(L) is a locally compact space.

Proof: Suppose x € U. Since X is locally compact, there exist V
open and K, compact such that x € V,, C K, C U. Therefore,
x € Vy<U. Thus,U=}{V |V <« U}.

Suppose p € O(a).



Local compactness

Definition:
@ A frame L is locally compact ifa = \/{b | b < a} for all
acl.

@ A space X is locally compact if x € U € 7 implies there is
V € 7 and a compact K withx e VC K C U.

Theorem: If X is a locally compact space, then 2(X) is a locally
compact frame. Conversely, if L is a locally compact frame, then
pt(L) is a locally compact space.

Proof: Suppose x € U. Since X is locally compact, there exist V
open and K, compact such that x € V,, C K, C U. Therefore,
x € Vy<U. Thus,U=}{V |V <« U}.

Suppose p € O(a). Since L is locally compact, there is b < a
such that p € O(b).



Local compactness

Definition:
@ A frame L is locally compact ifa = \/{b | b < a} for all
acl.

@ A space X is locally compact if x € U € 7 implies there is
V € 7 and a compact K withx e VC K C U.

Theorem: If X is a locally compact space, then 2(X) is a locally
compact frame. Conversely, if L is a locally compact frame, then
pt(L) is a locally compact space.

Proof: Suppose x € U. Since X is locally compact, there exist V
open and K, compact such that x € V,, C K, C U. Therefore,
x € Vy<U. Thus,U=}{V |V <« U}.

Suppose p € O(a). Since L is locally compact, there is b < a
such that p € O(b). Let K = ({O0(c) | b < c}.



Local compactness

Definition:
@ A frame L is locally compact ifa = \/{b | b < a} for all
acl.

@ A space X is locally compact if x € U € 7 implies there is
V € 7 and a compact K withx e VC K C U.

Theorem: If X is a locally compact space, then 2(X) is a locally
compact frame. Conversely, if L is a locally compact frame, then
pt(L) is a locally compact space.

Proof: Suppose x € U. Since X is locally compact, there exist V
open and K, compact such that x € V,, C K, C U. Therefore,
x € Vy<U. Thus,U=}{V |V <« U}.

Suppose p € O(a). Since L is locally compact, there is b < a
such that p € O(b). Let K = (1{O(c) | b < c}. Then K is compact



Local compactness

Definition:
@ A frame L is locally compact ifa = \/{b | b < a} for all
acl.

@ A space X is locally compact if x € U € 7 implies there is
V € 7 and a compact K withx e VC K C U.

Theorem: If X is a locally compact space, then 2(X) is a locally
compact frame. Conversely, if L is a locally compact frame, then
pt(L) is a locally compact space.

Proof: Suppose x € U. Since X is locally compact, there exist V
open and K, compact such that x € V,, C K, C U. Therefore,
x € Vy<U. Thus,U=}{V |V <« U}.

Suppose p € O(a). Since L is locally compact, there is b < a
such that p € O(b). Let K = (1{O(c) | b < c}. Then K is compact
(this requires the Hofmann—Mislove Theorem),



Local compactness

Definition:
@ A frame L is locally compact ifa = \/{b | b < a} for all
acl.

@ A space X is locally compact if x € U € 7 implies there is
V € 7 and a compact K withx e VC K C U.

Theorem: If X is a locally compact space, then 2(X) is a locally
compact frame. Conversely, if L is a locally compact frame, then
pt(L) is a locally compact space.

Proof: Suppose x € U. Since X is locally compact, there exist V
open and K, compact such that x € V,, C K, C U. Therefore,
x € Vy<U. Thus,U=}{V |V <« U}.

Suppose p € O(a). Since L is locally compact, there is b < a
such that p € O(b). Let K = (1{O(c) | b < c}. Then K is compact
(this requires the Hofmann—Mislove Theorem), and

p €0(b) CK C O(a).



Local compactness

Definition:
@ A frame L is locally compact ifa = \/{b | b < a} for all
acl.

@ A space X is locally compact if x € U € 7 implies there is
V € 7 and a compact K withx e VC K C U.

Theorem: If X is a locally compact space, then 2(X) is a locally
compact frame. Conversely, if L is a locally compact frame, then
pt(L) is a locally compact space.

Proof: Suppose x € U. Since X is locally compact, there exist V
open and K, compact such that x € V,, C K, C U. Therefore,
x € Vy<U. Thus,U=}{V |V <« U}.

Suppose p € O(a). Since L is locally compact, there is b < a
such that p € O(b). Let K = (1{O(c) | b < c}. Then K is compact
(this requires the Hofmann—Mislove Theorem), and

p € O(b) CK C O(a). Thus, pt(L) is locally compact.
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Theorem: If X is a stably compact space, then 2(X) is a stably
compact frame. Conversely, if L is a stably compact frame, then
pt(L) is a stably compact space.

Proof: Suppose U <« V; fori =1,...,n. Since X is locally
compact, U < V; implies there are compact saturated K; with
U CK; CV;. As X is stable, K; N - - - N K}, is compact saturated;
andUCKiN---NK, CVin---NV,. Thus, U< Vi N---NV,.

Suppose K; are compact saturated fori = 1,...,n. By the
Hoffman-Mislove Theorem,

Kin--NKy = N{O(a) : Ky € 0(@)} N+ A N{O(b) : Ky C
O(b)} ={O(c) : K1 n---NKy, € O(c)} is compact.
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Hoffman-Mislove

Definition: A filter F in a frame L is Scott open if \/ S € F
implies \/ T € F for some finite T C S.

Hoffman-Mislove Theorem: Scott open filters of L correspond
to compact saturated subsets of pt(L).

The correspondence: F — (1{O(a) | a € F} and
K—{aecL|KCO(a)}.

A slightly different formulation: If X is sober, then Scott open
filters of Q(X) correspond to compact saturated subsets of X.
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Dual equivalence

Definition:
@ A frame homomorphism h : L — M is proper if it preserves
the way below relation (a < b implies h(a) < h(b)).

© A continuous map f : X — Y is proper if the inverse image
of a compact saturated set is compact.

StKFrm = The category of stably compact frames and proper
frame homomorphisms.

StKSp = The category of stably compact spaces and proper
maps.

Theorem: StKFrm is dually equivalent to StKSp.

Proof: The restrictions of the contravariant functors 2, pt to
StKSp and StKFrm, respectively, yield the desired dual
equivalence.
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Suppose a < b. As L is regular, b = \/{x | x < b}. Since a < b,
there exist x1,...,xp, € Lwithx; <banda <x1 V-V Xy
Therefore, xj A -+ AXj; = (X1 V- VX,)* <a*. Asx; < b, we
have x{ v b = 1. Thus,

a*Vb>=(GN--AXp) Vb= (x] VD) A---A(x; Vb) =1, and so
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If L is coherent, then for a € K(L) we have a < b iff a < b.
Therefore, L is locally compact. Also, a < b iff there is k € K(L)
with a < k < b. Thus, L is stable. This also yields that for
coherent frames, coherent and proper frame homomorphisms
coincide. Consequently, CohFrm is a full subcategory of
StKFrm.
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Stably compact spaces correspond to Nachbin spaces (compact
ordered spaces, where the order is closed in the product).

This is a generalization of the correspondence between spectral
spaces and Priestley spaces.

Given a Nachbin space (X, 7, <), the upper topology 7, and the
lower topology 7; are both stably compact topologies.

Conversely, if (X, 7) is stably compact, then define the
cocompact topology 7 as the topology whose closed sets are
compact saturated sets. Then 7* is also a stably compact
topology, the patch topology © = 7 V 7¥ is compact, and the
specialization order of 7 is closed in the product of 7. Thus,
(X, m, <) is a Nachbin space.

This explains why stably compact spaces are the “right”
generalization of compact Hausdorff spaces.
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Booleanization is a nucleus (—)** : L — B(L). The way below
relation on a stably compact frame L also gives rise to a nucleus
j: L — L, whose fixpoints will serve as a generalization of de
Vries. The details can be found in:

G. Bezhanishvili, J. Harding. Proximity frames and
regularization, Applied Categorical Structures, 22 (2014), pp.
43-78.
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resolution, called the Gleason cover. It is very instructive to
study their pointfree analogues:

P. T. Johnstone. Stone spaces, Cambridge University Press,
Cambridge, 1982.

G. Bezhanishvili. Stone duality and Gleason covers through de
Vries duality, Topology and Its Applications, 157 (2010), pp.
1064-1080.
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A version of it for de Vries algebras is discussed in
G. Bezhanishvili, N. Bezhanishvili, J. Harding. Modalities on

compact regular frames and de Vries algebras, Applied
Categorical Structures, 23 (2015), pp. 365-379.



What I don’t have time to discuss



What I don’t have time to discuss

If we drop compactness, then < is no longer interpolating,



What I don’t have time to discuss

If we drop compactness, then < is no longer interpolating, so
instead of regular frames, one works with completely regular
frames.



What I don’t have time to discuss

If we drop compactness, then < is no longer interpolating, so
instead of regular frames, one works with completely regular
frames.

The theory of compactifications for completely regular frames
was developed by Banaschewski.



What I don’t have time to discuss

If we drop compactness, then < is no longer interpolating, so
instead of regular frames, one works with completely regular
frames.

The theory of compactifications for completely regular frames
was developed by Banaschewski.

B. Banaschewski and C. J. Mulvey, Stone-Cech compactification of
locales. I, Houston J. Math., 6 (1980), pp. 301-312.



What I don’t have time to discuss

If we drop compactness, then < is no longer interpolating, so
instead of regular frames, one works with completely regular
frames.

The theory of compactifications for completely regular frames
was developed by Banaschewski.

B. Banaschewski and C. J. Mulvey, Stone-Cech compactification of
locales. I, Houston J. Math., 6 (1980), pp. 301-312.
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In the spatial case, this yields Smyth’s theory of stable
compactifications.

M. B. Smyth, Stable compactification. I, J. London Math. Soc.,
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See also

J. D. Lawson, Order and strongly sober compactifications,
Topology and category theory in computer science (Oxford,
1989), Oxford Sci. Publ., 1991, pp. 179-205.
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One of the key ingredients of such dualities is a version of the
Stone-Weierstrass theorem. For a modern account, see:

G. Bezhanishvili, P. J. Morandi, B. Olberding. Bounded
Archimedean (-algebras and Gelfand-Neumark-Stone duality,
Theory and Applications of Categories, 28 (2013), pp. 435-475.
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Long-standing open problem: Is every superintuitionistic logic
topologically complete?



Thank you!



