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June 25, 2015 Hausdorff mapping invariance theorems in Localic Topology TACL2015 – 0
– p. 0



AIMS

CLASSICAL TOPOLOGY POINT-FREE TOPOLOGY

topological spaces generalized spaces: locales

! "

June 25, 2015 Hausdorff mapping invariance theorems in Localic Topology TACL2015 – 0
– p. 0



AIMS

CLASSICAL TOPOLOGY POINT-FREE TOPOLOGY

topological spaces generalized spaces: locales

SUBOBJECT LATTICESCABOOL not so nice ...

! "

June 25, 2015 Hausdorff mapping invariance theorems in Localic Topology TACL2015 – 0
– p. 0



AIMS

CLASSICAL TOPOLOGY POINT-FREE TOPOLOGY

topological spaces generalized spaces: locales

SUBOBJECT LATTICESCABOOL not so nice ...

!(...) a locale has enough complemented sublocales to compensate for this
shortcoming: one simply has to make the sublocales which are complemented
do more of the work." JOHN ISBELL

[Atomless parts of spaces, Math. Scand. (1972)]
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AIMS

CLASSICAL TOPOLOGY POINT-FREE TOPOLOGY

topological spaces generalized spaces: locales

SUBOBJECT LATTICESCABOOL not so nice ...

!(...) a locale has enough complemented sublocales to compensate for this
shortcoming: one simply has to make the sublocales which are complemented
do more of the work." JOHN ISBELL

[Atomless parts of spaces, Math. Scand. (1972)]

AIM: to illustrate this idea with parts of our work, in the last few years,
with J. Gutiérrez García, T. Kubiak, A. Pultr.
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MOTTO Mapping Invariance Theorem (HAUSDORFF)

THEOREM: Let f : X Ñ Y be a CLOSED surjection.

If X is normal then Y is also normal.

[Fund. Math. (1935)]
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MOTTO Mapping Invariance Theorem (HAUSDORFF)

THEOREM: Let f : X Ñ Y be a CLOSED surjection.

If X is normal then Y is also normal.

[Fund. Math. (1935)]

!(...) what the pointfree formulation adds to the classical theory is a
remarkable combination of elegance of statement, simplicity of proof,
and increase of extent." R. BALL & J. WALTERS-WAYLAND

[C- and C�-quotients in pointfree topology, Dissert. Math. (2002)]
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THE SETTING locales (or frames )

 Complete lattices L satisfying a^ª

iPI bi �ªiPI pa^ biq
(= complete Heyting algebras)

 �
^
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 Complete lattices L satisfying a^ª

iPI bi �ªiPI pa^ biq
(= complete Heyting algebras)
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(incl. the bottom 0)^ (incl. the top 1)
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THE SETTING locales (or frames )

 Complete lattices L satisfying a^ª

iPI bi �ªiPI pa^ biq
(= complete Heyting algebras)

 L

f

M

L

M

h
preserves

�
(incl. the bottom 0)^ (incl. the top 1)

Loc Frm

frame homomorphisms
taken backwards
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THE SETTING

Loc We can put it in a more CONCRETE way:

Each h : M Ñ L in Frm has a UNIQUELY defined right adjoint

h� : LÑM

that can be used as a representation of the h as a mapping
going in the proper direction.

  p� q �� r s

 p q � ñ �

 p �p q Ñ q � Ñ p q
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THE SETTING

Loc We can put it in a more CONCRETE way:

Each h : M Ñ L in Frm has a UNIQUELY defined right adjoint

h� : LÑM

that can be used as a representation of the h as a mapping
going in the proper direction.

 MORPHISMS: L

f

M

 fp�Sq �� f rSs

 fpaq � 1ñ a � 1
 fpf�paq Ñ bq � aÑ fpbq

localic maps
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BACKGROUND: SUBLOCALES

DEFINITION: S � L is a SUBLOCALE of L if

� � � P� P � P Ñ P

L
1

0




�


� �� Ñ �Ñ� ��t P |� ¤ u

� �
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DEFINITION: S � L is a SUBLOCALE of L if

(1) �A � S,

�

A P S,

(2) �a P L,�s P S, aÑ s P S.
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1
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1
S

S is itself a locale:

�

S ��L, ÑS�ÑL

but

�

si ��ts P S |� si ¤ su.

� �
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BACKGROUND: SUBLOCALES

DEFINITION: S � L is a SUBLOCALE of L if

(1) �A � S,

�

A P S,

(2) �a P L,�s P S, aÑ s P S.

L
1

0




�
S

1
S

S is itself a locale:

�

S ��L, ÑS�ÑL

but

�

si ��ts P S |� si ¤ su.
Motivation for the definition:

PROPOSITION:

S � L is a sublocale iff the embedding jS : S � L is a localic map.
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BACKGROUND: THE SUBLOCALE LATTICE

sublocales of L, ordered by �:

� t u � � � � � � t� | � � u
p q

P p q � Òp q � t Ñ | P u
,.-
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BACKGROUND: THE SUBLOCALE LATTICE the frame of sublocales

SpLq

�
� t p q | P u�P p q � p�P qp q ^ p q � p ^ q
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BACKGROUND: THE SUBLOCALE LATTICE the frame of sublocales

SpLq
L cL

�
cL :� tcpaq | a P Lu

�P p q � p�P qp q ^ p q � p ^ q

June 25, 2015 Hausdorff mapping invariance theorems in Localic Topology TACL2015 – 4
– p. 4



BACKGROUND: THE SUBLOCALE LATTICE the frame of sublocales

SpLq
L cL

�
cL :� tcpaq | a P Lu�

iPI cpaiq � cp�
iPI aiq

cpaq ^ cpbq � cpa^ bq
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BACKGROUND: THE SUBLOCALE LATTICE the frame of sublocales

SpLq
L cL

�
BpSpLqqcL :� tcpaq | a P Lu�

iPI cpaiq � cp�
iPI aiq

cpaq ^ cpbq � cpa^ bq
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BACKGROUND: THE SUBLOCALE LATTICE the frame of sublocales

SpLq
L cL

�
BpSpLqq

oL

oL :� topaq | a P Lu�

iPI opaiq � op�
iPI aiq

opaq _ opbq � opa^ bq
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IMAGES localic map f : LÑM�
S

r s
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IMAGES localic map f : LÑM�
SL

f
M

S

jS

epi
f rSs

regular mono

the image of S under f
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M
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r�s p q Ñ p q

r s� r p qs � p p qq � P
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IMAGES localic map f : LÑM�
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is a sublocale of M

the image of S under f
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jS

epi
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regular mono

is a sublocale of M

the image of S under f

IMAGE MAP: f r�s : SpLq Ñ SpMq (localic map)

CLOSED MAP: f rSs is closed for every closed S

� r p qs � p p qq � P
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regular mono

is a sublocale of M

the image of S under f

IMAGE MAP: f r�s : SpLq Ñ SpMq (localic map)

CLOSED MAP: f rSs is closed for every closed S� f rcpaqs � cpfpaqq �a P L

June 25, 2015 Hausdorff mapping invariance theorems in Localic Topology TACL2015 – 5
– p. 5



PREIMAGES localic map f : LÑM �
T

 � t u �� ñ� �t� | � � u
 �� r s � r s � p � r sq

� r�s p q Ñ p q
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PREIMAGES localic map f : LÑM �
T for any A � L closed under meets: t1u � A

Si � Añ�
Si � A

t� | � � u
 �� r s � r s � p � r sq

� r�s p q Ñ p q

June 25, 2015 Hausdorff mapping invariance theorems in Localic Topology TACL2015 – 6
– p. 6



PREIMAGES localic map f : LÑM �
T for any A � L closed under meets: t1u � A

Si � Añ�
Si � At�B | B � �Siu


 �� r s � r s � p � r sq

� r�s p q Ñ p q

June 25, 2015 Hausdorff mapping invariance theorems in Localic Topology TACL2015 – 6
– p. 6



PREIMAGES localic map f : LÑM �
T for any A � L closed under meets: t1u � A

Si � Añ�
Si � At�B | B � �Siu So there exists the largest sublocale contained in A: Asloc

 �� r s � r s � p � r sq

� r�s p q Ñ p q
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PREIMAGES localic map f : LÑM �
T for any A � L closed under meets: t1u � A

Si � Añ�
Si � At�B | B � �Siu So there exists the largest sublocale contained in A: Asloc L

f
M�

f�1rT s T

closed under meets (since f preserve meets)

� r s � p � r sq

� r�s p q Ñ p q
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T for any A � L closed under meets: t1u � A
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Si � At�B | B � �Siu So there exists the largest sublocale contained in A: Asloc L

f
M�

f�1rT s T

closed under meets (since f preserve meets)
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the preimage of T under f

� r�s p q Ñ p q
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PREIMAGES localic map f : LÑM �
T for any A � L closed under meets: t1u � A

Si � Añ�
Si � At�B | B � �Siu So there exists the largest sublocale contained in A: Asloc L

f
M�

f�1rT s T

closed under meets (since f preserve meets)

f�1rT s � pf�1rT sqsloc
the preimage of T under f

PREIMAGE MAP: f�1r�s : SpMq Ñ SpLq (frame homomorphism)
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IMAGES AND PREIMAGES

f rSs ¥ T iff f rSs � T

� � r s � p � r sq ¥ � r s

� r�s % r�s

� r p qs � p �p qq � r p qs � p �p qq

� r�s
� r p qs � p q � r p qs � p q

June 25, 2015 Hausdorff mapping invariance theorems in Localic Topology TACL2015 – 7
– p. 7



IMAGES AND PREIMAGES

f rSs ¥ T iff f rSs � T iff S � f�1rT s

� p � r sq ¥ � r s

� r�s % r�s

� r p qs � p �p qq � r p qs � p �p qq

� r�s
� r p qs � p q � r p qs � p q

June 25, 2015 Hausdorff mapping invariance theorems in Localic Topology TACL2015 – 7
– p. 7



IMAGES AND PREIMAGES

f rSs ¥ T iff f rSs � T iff S � f�1rT s iff S � pf�1rT sqsloc

¥ � r s

� r�s % r�s

� r p qs � p �p qq � r p qs � p �p qq

� r�s
� r p qs � p q � r p qs � p q

June 25, 2015 Hausdorff mapping invariance theorems in Localic Topology TACL2015 – 7
– p. 7



IMAGES AND PREIMAGES

f rSs ¥ T iff f rSs � T iff S � f�1rT s iff S � pf�1rT sqsloc iff S ¥ f�1rT s.

� r�s % r�s

� r p qs � p �p qq � r p qs � p �p qq

� r�s
� r p qs � p q � r p qs � p q

June 25, 2015 Hausdorff mapping invariance theorems in Localic Topology TACL2015 – 7
– p. 7



IMAGES AND PREIMAGES

f rSs ¥ T iff f rSs � T iff S � f�1rT s iff S � pf�1rT sqsloc iff S ¥ f�1rT s.
f�1r�s % f r�s AS IT SHOULD BE!

� r p qs � p �p qq � r p qs � p �p qq

� r�s
� r p qs � p q � r p qs � p q
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f rSs ¥ T iff f rSs � T iff S � f�1rT s iff S � pf�1rT sqsloc iff S ¥ f�1rT s.
f�1r�s % f r�s AS IT SHOULD BE!

PROPERTIES:

1 f�1rcpaqs � cpf�paqq and f�1ropaqs � opf�paqq.

� r�s
� r p qs � p q � r p qs � p q
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f�1r�s % f r�s AS IT SHOULD BE!

PROPERTIES:

1 f�1rcpaqs � cpf�paqq and f�1ropaqs � opf�paqq.
2 f�1r�s preserves complements.

� r p qs � p q � r p qs � p q
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IMAGES AND PREIMAGES

f rSs ¥ T iff f rSs � T iff S � f�1rT s iff S � pf�1rT sqsloc iff S ¥ f�1rT s.
f�1r�s % f r�s AS IT SHOULD BE!

PROPERTIES:

1 f�1rcpaqs � cpf�paqq and f�1ropaqs � opf�paqq.
2 f�1r�s preserves complements.

3 for surjective f : ff�1rcpaqs � cpaq and ff�1ropaqs � opaq.
June 25, 2015 Hausdorff mapping invariance theorems in Localic Topology TACL2015 – 7
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DOING TOPOLOGY IN Loc Normality

A
B

cpaq _ cpbq � 1

ðD p q _ p q � p q ¥ p q p q ¥ p q

p q _ p q � ñ D p q ^ p q � p q _ p q � � p q _ p q

� _ � ñ D ^ � _ � � _
p q
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DOING TOPOLOGY IN Loc Normality

A
B

cpaq _ cpbq � 1ðDu, v : opuq _ opvq � 1, cpaq ¥ opuq, cpbq ¥ opvq.
U

V

p q _ p q � ñ D p q ^ p q � p q _ p q � � p q _ p q
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DOING TOPOLOGY IN Loc Normality

A
B

cpaq _ cpbq � 1ðDu, v : opuq _ opvq � 1, cpaq ¥ opuq, cpbq ¥ opvq.
U

V

So L is normal iff

cpaq _ cpbq � 1 ñ Du, v : cpuq ^ cpvq � 1, cpaq _ cpuq � 1 � cpbq _ cpvq

� _ � ñ D ^ � _ � � _
p q

June 25, 2015 Hausdorff mapping invariance theorems in Localic Topology TACL2015 – 8
– p. 8



DOING TOPOLOGY IN Loc Normality

A
B

cpaq _ cpbq � 1ðDu, v : opuq _ opvq � 1, cpaq ¥ opuq, cpbq ¥ opvq.
U

V

So L is normal iff

cpaq _ cpbq � 1 ñ Du, v : cpuq ^ cpvq � 1, cpaq _ cpuq � 1 � cpbq _ cpvq

Internally in L:
(by cL � L)

a_ b � 1 ñ Du, v : u^ v � 0, a_ u � 1 � b_ v

(Conservative extension: X is normal iff the locale OpXq is normal.)
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THE INVARIANCE THEOREM: first version

THEOREM: Let f : LÑM be a CLOSED surjective localic map.

If L is normal then M is also normal.
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THE INVARIANCE THEOREM: first version

THEOREM: Let f : LÑM be a CLOSED surjective localic map.

If L is normal then M is also normal.

PROOF: later on ...
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BOOLEAN SUBLOCALE SELECTIONS

B : L ÞÑBpLq � BpSpLqq “sets of complemented sublocales”

p qt p q P ut p �q P ut p q ut p q P p qu
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BOOLEAN SUBLOCALE SELECTIONS

B : L ÞÑBpLq � BpSpLqq “sets of complemented sublocales”

SelectionB Members ofBpLq
c tcpaq : a P Lu
C tcpa�q : a P Lu
C tcpaq : a regular Gδu

C tcpcozfq : f P CpLqu

the standard model
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BOOLEAN SUBLOCALE SELECTIONS

B : L ÞÑBpLq � BpSpLqq “sets of complemented sublocales”

SelectionB Members ofBpLq
c tcpaq : a P Lu
c

� tcpa�q : a P Lu
A3 tcpaq : a regular Gδu

A4 tcpcozfq : f P CpLqu
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c

� tcpa�q : a P Lu
cδ tcpaq : a is regular Gδu

ccoz tcpcozfq : f P CpLqu

regular Gδ element: a ��nPN an with an   a
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SelectionB Members ofBpLq
c tcpaq : a P Lu
c

� tcpa�q : a P Lu
cδ tcpaq : a is regular Gδu

ccoz tcpcozfq : f P CpLqu

J. Gutiérrez García & JP, On the parallel between normality and extremal

disconnectedness, JPAA (2014)
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B -NORMALITY frame L

Normal:

cpaq_cpbq � 1 ñ Du, v : cpuq^cpvq � 0, cpaq_cpuq � 1 � cpbq_cpvq.

P_ � ñ D P ^ � _ � � _
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THE INVARIANCE THEOREM: first version localic map f : LÑM

THEOREM: Let f : LÑM be a CLOSED surjective localic map.

If L is normal then M is also normal.

 r�s p q p q

 � r�s p q p q
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If L is normal then M is also normal.

 f is imageB -preserving if f r�s maps elements ofBpLq intoBpMq.
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THE INVARIANCE THEOREM: first version localic map f : LÑM

THEOREM: Let f : LÑM be a CLOSED surjective localic map.

If L is normal then M is also normal.

 f is imageB -preserving if f r�s maps elements ofBpLq intoBpMq.

 f is preimageB -preserving if f�1r�s maps elements ofBpMq intoBpLq.
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THE INVARIANCE THEOREM: general version localic map f : LÑM

 f is imageB -preserving if f r�s maps elements ofBpLq intoBpMq.

 f is preimageB -preserving if f�1r�s maps elements ofBpMq intoBpLq.

THEOREM: Let f : LÑM be a surjective localic map such that

f is imageB -preserving and preimageB -preserving.

If L isB -normal then M is alsoB -normal.
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SKETCH OF PROOF L
f

M

A, B PBpMq, A_B � 1

� r s � r s P p q� r s _ � r s � � r s �

D P p q ^ � � r s _ � � � r s _

� r s � r s P p q ^ � r s ^ r s � r ^ s � r s � r s � � � r s ¥ � r s ¥ _ �� r�s

r
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L isB -normalD U0, V0 PBpLq : U0 ^ V0 � 0, f�1rAs _ U0 � 1 � f�1rBs _ V0.
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hyp.

U � f rU0s, V � f rV0s PBpMq satisfy: U ^ V � f rU0s ^ f rV0s � f rU0 ^ V0s � f r0s � f rLs �M � 0.
hyp.

 U � f rU0s ¥ ff�1rAcs ¥ Ac, i.e. A_ U � 1 (and similarly for V ).
f�1r�s preserves complements

r
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IMAGE AND PREIMAGE B-PRESERVING MAPS localic map f : LÑM

 imageB -preserving: f r�s maps elements ofBpLq intoBpMq.

 preimageB -preserving: f�1r�s maps elements ofBpMq intoBpLq.
B image B -preserving preimage B -preserving

c closed maps all

o open all

c

� fpa_ f�pbqq � fpaq _ b f� of type E (e.g. nearly open)
regular [Banaschewski & Pultr]

ccoz fpa_ f�pbqq � fpaq _ b all
cozero
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ANOTHER FEATURE: take complements B c : L ÞÑ pBpLqqc
B c-normal: B -disconnected.

cpaq _ cpbq � 1 ñ Du, v : cpuq ^ cpvq � 1, cpaq _ cpuq � 1 � cpbq _ cpvq
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ANOTHER FEATURE: take complements B c : L ÞÑ pBpLqqc
B c-normal: B -disconnected.

opaq _ opbq � 1 ñ Du, v : opuq ^ opvq � 1, opaq _ opuq � 1 � opbq _ opvq

��� r p q^ p q � ñ D p q_ p q � p q^ p q � � p q^ p qs

��� r ^ � ñ D P _ � ^ � � ^ s^ � � �� ^ �� �

��� p ^ q� � � _ �
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��� ra^ b � 0 ñ Du, v P L : u_ v � 1, a^ u � 0 � b^ vs

need only for a, b regular (a^ b � 0� a�� ^ b�� � 0)

��� p ^ q� � � _ �
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ANOTHER FEATURE: take complements B c : L ÞÑ pBpLqqc
B c-normal: B -disconnected.

opaq _ opbq � 1 ñ Du, v : opuq ^ opvq � 1, opaq _ opuq � 1 � opbq _ opvq

��� rcpaq^cpbq � 0 ñ Du, v : cpuq_cpvq � 0, cpaq^cpuq � 0 � cpbq^cpvqs

��� ra^ b � 0 ñ Du, v P L : u_ v � 1, a^ u � 0 � b^ vs

need only for a, b regular (a^ b � 0� a�� ^ b�� � 0)

��� pa^ bq� � a� _ b� [De Morgan frames]
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ANOTHER FEATURE: take complements B c : L ÞÑ pBpLqqc
B c-normal: B -disconnected.

SelectionB B -normal frames B -disconnected frames

c normal extremally disconnected

c

� mildly normal extremally disconnected

cδ δ-normal extremally δ-disconnected

ccoz all frames F -frames
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ANOTHER FEATURE: take complements B c : L ÞÑ pBpLqqc
B c-normal: B -disconnected.

SelectionB B -normal frames B -disconnected frames

c normal extremally disconnected

c

� mildly normal extremally disconnected

cδ δ-normal extremally δ-disconnected

ccoz all frames F -frames

F -frame � every cozero sublocale is C�-embedded.
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ANOTHER FEATURE: take complements B c : L ÞÑ pBpLqqc
THEOREM: Let f : LÑM be a surjective localic map such that

f is image B -preserving and preimage B -preserving.

If L isB -normal then M is alsoB -normal.
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ANOTHER FEATURE: take complements B c : L ÞÑ pBpLqqc
COROLLARY: Let f : LÑM be a surjective localic map such that

f is image B -preserving and preimage B -preserving.

If L isB -normal then M is alsoB -normal.
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disconnected disconnected

 � r�s
�
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f is image B -preserving and preimage B -preserving.

If L isB -normal then M is alsoB -normal.

c
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(because f�1r�s preserves complements)
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ANOTHER FEATURE: take complements B c : L ÞÑ pBpLqqc
COROLLARY: Let f : LÑM be a surjective localic map such that

f is image B -preserving and preimage B -preserving.

If L isB -normal then M is alsoB -normal.

c

disconnected disconnected

 preimageB c-preserving = preimageB -preserving

(because f�1r�s preserves complements)

Case B � c : ext. disc. locales are invariant under OPEN mappings.
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ANOTHER FEATURE: take complements localic map f : LÑM

 imageB c-preserving

 preimageB c-preserving � preimageB -preserving

B image B c-preserving preimage B c-preserving

c open all

c

� nearly open f� of type E (e.g. nearly open)
regular [Banaschewski & Pultr]

ccoz ? all
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THE PERFECT CASE Perfect normality

In spaces [Michael 1956]:� U P OpXq D pUnqnPN � OpXq : U � �nPN Un and Un � U �n.

� P Dp qN � ��   �

� � � p q p q �� PN p q

� � P �� PN P
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THE PERFECT CASE Perfect normality

In spaces [Michael 1956]:� U P OpXq D pUnqnPN � OpXq : U � �nPN Un and Un � U �n.

In frames [Charalambous 1974]:�a P L DpanqN � L : a �� an and an   a �n.
perfectnormal � every open is an Fσ-sublocale:

L is perfect � � opaq, opaq ��nPN cpanq

L is B-perfect � � A P B
c, A ��nPNAn with each An P B
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THE PERFECT CASE Perfect normality

B B -perfect B -perfectly normal B c-perfect B c-perfectly normal

c perfect perfectly normal Boolean Boolean

c

� OZ frames extremally disconn.

ccoz all frames P -frames
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THE PERFECT CASE Perfect normality

B B -perfect B -perfectly normal B c-perfect B c-perfectly normal

c perfect perfectly normal Boolean Boolean

c

� ? OZ frames ? extremally disconn.

ccoz all frames P -frames

OZ frame � every regular element is a cozero.
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THE PERFECT CASE Perfect normality
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THE HEREDITARY CASE

Hereditary normality: normal spaces whose subspaces are all normal.
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Hereditary normality: normal spaces whose subspaces are all normal.

Completely normal spaces:
A

B

U

V
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Hereditary normality: normal spaces whose subspaces are all normal.

Completely normal spaces:
A

B

U

V

Completely B-normal frames:�A,B P B DU, V P B : U ^ V � 0, B ¤ A_ U,A ¤ B _ V .

Completely B-disconnected frames � completely Bc-normal.
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THE HEREDITARY CASE B closed under arbitrary joins

clBpSq ��tB P B | B ¤ Su P B intBpSq ��tB P B
c | B ¥ Su P B

c

_ p q � � p q _D P _ � ¥ ¥

¤ p q p q ¤ ñ D P ¤ ¤ ¤
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THE HEREDITARY CASE B closed under arbitrary joins

Sublocale S of L

p q � t _ | P u � p p qq

P

�
�

� P
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Sublocale S of L BSpLq � tS _B | B P Bu � BpSpSqq

P

�
�

� P

June 25, 2015 Hausdorff mapping invariance theorems in Localic Topology TACL2015 – 22
– p. 22
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L is hereditarily B-normal: every its sublocale S is BS-normal.

P

�
�

� P

June 25, 2015 Hausdorff mapping invariance theorems in Localic Topology TACL2015 – 22
– p. 22



THE HEREDITARY CASE B closed under arbitrary joins

Sublocale S of L BSpLq � tS _B | B P Bu � BpSpSqq
L is hereditarily B-normal: every its sublocale S is BS-normal.

THEOREM: Let B be a sublocale selection, closed under joins.

TFAE for any L:

1 L is completely B-normal

P

�
�

� P

June 25, 2015 Hausdorff mapping invariance theorems in Localic Topology TACL2015 – 22
– p. 22



THE HEREDITARY CASE B closed under arbitrary joins

Sublocale S of L BSpLq � tS _B | B P Bu � BpSpSqq
L is hereditarily B-normal: every its sublocale S is BS-normal.

THEOREM: Let B be a sublocale selection, closed under joins.

TFAE for any L:

1 L is completely B-normal

2 L is hereditarily B-normal

P

�
�

� P

June 25, 2015 Hausdorff mapping invariance theorems in Localic Topology TACL2015 – 22
– p. 22



THE HEREDITARY CASE B closed under arbitrary joins

Sublocale S of L BSpLq � tS _B | B P Bu � BpSpSqq
L is hereditarily B-normal: every its sublocale S is BS-normal.

THEOREM: Let B be a sublocale selection, closed under joins.

TFAE for any L:

1 L is completely B-normal

2 L is hereditarily B-normal

3 Each B P B
c is B-normal

�
�

� P

June 25, 2015 Hausdorff mapping invariance theorems in Localic Topology TACL2015 – 22
– p. 22



THE HEREDITARY CASE B closed under arbitrary joins

Sublocale S of L BSpLq � tS _B | B P Bu � BpSpSqq
L is hereditarily B-normal: every its sublocale S is BS-normal.

THEOREM: Let B be a sublocale selection, closed under joins.

TFAE for any L:

1 L is completely B-normal

2 L is hereditarily B-normal

3 Each B P B
c is B-normal

✓
B

c

c

c

_ c

�
�

� P

June 25, 2015 Hausdorff mapping invariance theorems in Localic Topology TACL2015 – 22
– p. 22



THE HEREDITARY CASE B closed under arbitrary joins

Sublocale S of L BSpLq � tS _B | B P Bu � BpSpSqq
L is hereditarily B-normal: every its sublocale S is BS-normal.

THEOREM: Let B be a sublocale selection, closed under joins.

TFAE for any L:
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� L is completely B-disconnected.

� L is hereditarily B-disconnected.
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REAL FUNCTIONS ON L f : LpRq Ñ SpLq

pRq � x p q p qp P Qq | p q ^ p q � ¤p q _ p q � ¡p q ��   p q� PQp q �
p q �� ¡ p q� PQp q � y
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BACKGROUND: the frame of reals

LpRq :� Frmx p—, qq, pp,—qpp, q P Qq | (1) p—, qq ^ pp,—q � 0 for q ¤ p,

(2) p—, qq _ pp,—q � 1 for q ¡ p,

(3) p—, qq ��s qp—, sq,
(4)

�
qPQp—, qq � 1,

(5) pp,—q ��r¡ppr,—q,
(6)

�
pPQpp,—q � 1 y.
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REAL FUNCTIONS ON L f : LpRq Ñ SpLq
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SEMICONTINUITY AND CONTINUITY f : LpRq Ñ SpLq
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p q p q

p q
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B-SEMICONTINUITY AND B-CONTINUITY f : LpRq Ñ SpLq
f P USCpLq � � p   q DFp,q P cpLq : fp—, pq ¤ Fp,q ¤ fp—, qq.

ð p q ��   p q ¤�   ¤ p q

p q � �   D P p q ¤ ¤ p q

p q � �   D P p q ¤ ¤ p qp q � p q X p q

6
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f is lower B-semicontinuous iff it is upper Bc-semicontinuous
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B-semicontinuity and B-continuity: EXAMPLES

B aa B -usc aaaaaaaa B -lsc aaaaaaaa B -continuous

c usc lsc continuous

c

� normal usc normal lsc normal continuous

cδ regular usc regular lsc regular continuous

ccoz zero usc zero lsc zero continuous
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B aa B -usc aaaaaaaa B -lsc aaaaaaaa B -continuous

c usc lsc continuous

c

� normal usc normal lsc normal continuous

cδ regular usc regular lsc regular continuous
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APPLICATION: insertion theorems

GENERAL INSERTION THEOREM:

TFAE for any frame L and any sublocale selection B:

1 L is completely B-normal.

loomoonp q ¤ loomoon� p q ¤ ¤ loomoon� p q ¤ðD P p q P p q ¤ ¤ ¤
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APPLICATION: insertion theorems

GENERAL INSERTION THEOREM:

TFAE for any frame L and any sublocale selection B:

1 L is completely B-normal.

2 f1, f2loomoon

FpLq : f1 ¤ g1loomoon

B�LSCpLq ¤ f2 , f1 ¤ g2loomoon
B�USCpLq ¤ f2

ðD l P B-LSCpLq, u P B-USCpLq : f1 ¤ l ¤ u ¤ f2.

June 25, 2015 Hausdorff mapping invariance theorems in Localic Topology TACL2015 – 27
– p. 27



APPLICATION: insertion theorems

COROLLARY 1 (case B � c). TFAE for any frame L:

1 L is completely normal.

2 f1, f2loomoon

FpLq : f1 ¤ f�2 , f�1 ¤ f2 ñ D l P LSCpLq : f1 ¤ l ¤ l� ¤ f2.

�

loomoonp q ¤ � � ¤ ñ D P p q D P p q¤ ¤ ¤
� p q� p q
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COROLLARY 1 (case B � c). TFAE for any frame L:

1 L is completely normal.

2 f1, f2loomoon

FpLq : f1 ¤ f�2 , f�1 ¤ f2 ñ D l P LSCpLq : f1 ¤ l ¤ l� ¤ f2.

COROLLARY 2 (case B � o). TFAE for any frame L:

1 L is completely extremally disconnected.

2 f1, f2loomoon
FpLq : f1 ¤ f�2 , f�1 ¤ f2 ñ D l P LSCpLq, D u P USCpLq :

f1 ¤ u ¤ l ¤ f2.

� p q� p q
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APPLICATION: insertion theorems

COROLLARY 1 (case B � c). TFAE for any frame L:

1 L is completely normal.

2 f1, f2loomoon

FpLq : f1 ¤ f�2 , f�1 ¤ f2 ñ D l P LSCpLq : f1 ¤ l ¤ l� ¤ f2.

COROLLARY 2 (case B � o). TFAE for any frame L:

1 L is completely extremally disconnected.

2 f1, f2loomoon
FpLq : f1 ¤ f�2 , f�1 ¤ f2 ñ D l P LSCpLq, D u P USCpLq :

f1 ¤ u ¤ l ¤ f2.

L � OpXq

L � OpXq
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APPLICATION: insertion theorems

COROLLARY 3:

TFAE for any frame L:

1 L is completely normal and extremally disconnected.

2 L is normal and completely extremally disconnected.

3 f, gloomoon

FpLq , f ¤ g� , f� ¤ g ñ D h P CpLq : f ¤ h ¤ g.

June 25, 2015 Hausdorff mapping invariance theorems in Localic Topology TACL2015 – 27
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APPLICATION: insertion theorems regularization of a function

f P FpLq s.t. tg P LSCpLq | g ¤ fu � H lower regularization f�

f�pp,—q �ª

q¡p

fpq,—q f�p—, qq �ª
p q

fpp,—q�
Then: f� P LSCpLq

f� ¤ f

f� ��tg P LSCpLq | g ¤ fu Dually: the upper regularization f� � �p�fq�.
June 25, 2015 Hausdorff mapping invariance theorems in Localic Topology TACL2015 – 28
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