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Unified correspondence

Hybrid logics DLE-logics
[CR15] [CP12, CPS]
Mu-calculi

Substructural logics [CFPS15, CGP14, CC15]

[CP15] 2
Regular DLE-logics
Display calculi Kripke frames with
[GMPTZ] impossible worlds

[PSZ15a]

Jénsson-style vs Finite lattices and
Sambin-style canonicity monotone ML
[PSZ15b] Canonicity via [FPS15]
pseudo-correspondence
[CPSZ]



Languages

Fix countably infinite disjoint sets PROP and NOM of propositional
variables (p, g, r,...) and nominals (i, j, K, ...), respectively. Then
H (@) is defined as follows:
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with p € PROP and i € NOM.
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Languages

Fix countably infinite disjoint sets PROP and NOM of propositional
variables (p, g, r,...) and nominals (i, j, K, ...), respectively. Then
H (@) is defined as follows:

pu=L1plil-¢pleAy]|Op]| Gy,

with p € PROP and i € NOM.
The expanded language H* (@) is defined as follows:

eu=Lplil-gleAy|op|Qp| o 'v|Ep,
with p € PROP and i € NOM.

Let o, ¥, @1,y ..y Pnst, ..., ¥n € HT(@). Then:

» an inequality is an expression of the form ¢ < y;
» a quasi-inequality is an expression of the form
P1SY1 & & enSYn=p < Y.



Models

M= (W, R, V) with
» W+
» RCcWxW
» V:PROP — P(W)
» V:NOM = {{w} | we W}



Relational semantics

» M,w = piff we V(p);

» Mow = iiff V(i) = {w};

» M,w | —piff M,w £ ¢;

» MwEepAyiff M,wEpand M,w E y;

» M,w = Oy iff M, v = ¢ for some v € W with wRyv;
» M,w = Qjp iff M,v = ¢ where V(i) = {v};

> M,W|:<>_1g0iff M, v = ¢ for some v € W with vRw;
» M,wE Epiff M,vE ¢forsomeveW.
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Hybrid algebras

Definition

A hybrid algebra is a pair & = (A, Xa), where

A= (A A V,—, L, T,0)such that (A, A, V,—, L, T,0) is a BAO
containing at least one atom and @ # Xa C AtA.

Definition

Any hybrid algebra can be turned into a hybrid algebra for (@) by
adding a binary operator @ whose first coordinate ranges over Xa
and the second coordinate over all elements of the algebra,

defined by
0g-17T ifx<a
71 1L otherwise
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Definition
A hybrid algebra A = (A, Xa) is atomic if A is atomic and
Xa = AtA.

Definition
A permeated hybrid algebra is a hybrid algebra %A = (A, Xa)
satisfying the following additional conditions:
1. foreach L # a € A, there is an atom x € X4 such that x < a,
and
2. forallx e Xa and a € A, if x < ¢a, then there exists a y € Xu
suchthaty <aand x < Oy.



Algebraic semantics

Definition

An assignment on a hybrid algebra (A, X,) is a map v associating an element of
A with each propositional variable in PROP and an atom of X, with each nominal
in NOM. Given an assignment v, we calculate the meaning V(t) of a term t as

follows:

1. v(1) = 1; 5. V(e ny) = V(p) AV(Y);
2. ¥(p) = v(p); 6. (o) = o¥(e);

3. (i) = v(i); 7. V(Qip) = @g(i)V(g(J);

4. V(=) = ~V(e); 8. V(Ep) = EV(p).

An inequality ¢ < ¢ is true in a hybrid algebra U (A = ¢ < ¢) if for all assignments
v, v(g) < v(¥).

A quasi-inequality ¢4 < ¥y & -+ & ¢n < ¥n = @ <Y is true in a hybrid algebra A
under assignment v, if ¢; < y; is not true in A under v for some 1 <i < n, or
¢ < ¢is true in A under v.



Admissible validity

Let 2 = (A, Xa) be a hybrid subalgebra of 8 = (B, Xg), i.e, Ais a
subalgebra of B and Xa C Xg. An admissible assignment in B
relative to 2 is any assignment sending propositional variables into
A and nominals into Xj4.

We say that an inequality ¢ <y is admissibly valid in B8 relative to
A, denoted B =9 ¢ < i, if B, v = ¢ < ¢ for every admissible
assignment v relative to .

Note that if ¢,y € H(Q), then B =y ¢ < Y iff A = ¢ <y



Canonical extensions and MacNeille completions
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hybrid algebra %A° = (A?, X,s) such that A° is the canonical
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Canonical extensions and MacNeille completions

Definition

The canonical extension of a hybrid algebra % = (A, Xa) is the
hybrid algebra %A° = (A?, X,s) such that A° is the canonical
extension of A and Xs = AtA°.

Definition

We define the MacNeille completion of a hybrid algebra

A = (A, Xa) to be the hybrid algebra A" = (A9™, X,m) such that
A9 is the MacNeille completion of A and Xgam = AtA™,
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» firstly, it has a local first-order frame correspondent and,
secondly,
» it is canonical.

If ¥ is a set of Sahlqvist formulas, then K& X is strongly complete
with respect to its class of Kripke frames.
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Sahlqvist theory for hybrid logics: known results

» Formulas obtained by introducing nominals into Sahlqgvist
formulas also has first-order frame correspondents.

» If ¥ is a set of Salqvist formulas, then H(@) & X is strongly
complete with respect to its class of Kripke frames [Ten Cate,
Marx and Viana].

» If X is a set of pure formulas (formulas containing no
propositional variables), then H™ (@) @ X is strongly complete
with respect to its class of Kripke frames [G. Gargov and V.
Goranko].

» The second and third result cannot be combined in general:
the logic HT (@) @ {¢op — oop, O(i A Oj) — O(Cj — i)} is
incomplete [Ten Cate, Marx and Viana).



The logics H(@) and H*(@): axioms

(
(K
(
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(
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Taut)
)
Dual)

e)
Selfdual)
Ref)
Intro)
Back)
Agree)

+ ¢ for all propositional tautologies ¢.

Fo(p — q) — (op — 0Oq)
F <>p < —~0-p

FQj(p — q) - (Gp — ©q)
F —|©jp A @i—|p

F ©ii

FiAp — @jp

- OQjp — Qjp

- @i@ip - @]p



The logics H(@) and H*(@): inference rules

(Modus ponens)
(Sorted substitution)

(Nec)
(Neco)
(Nameg)

(BGe)

If+ o — ¢ and+ ¢, then k.

F ¢’ whenever + ¢, where ¢’ is
obtained from ¢ by sorted
substitution.

If + ¢, then + Op.

If - ¢, then + Qje.

If - @j¢, then + ¢ for j not occurring
in .

If - ©;iOf A @ — i, then + QO —
for j # i and j not occurring in ¢
and y.
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Syntactic classes

oai — i

Skeletal inductive formulas

Modal inductive formulas

Nominally skeletal inductive formulas

Hybrid inductive formulas
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The key methodological tool in proving the new results is a hybrid
version of the ALBA algorithm [Conradie and Palmigiano], called
hybrid-ALBA.

Preprocessing

First approximation —‘

Reduction and
elimination

pure(¢ < ¥)

Translation




Preprocessing

a<BAy . aVB<y .
a<B & a<y (A-Adj) a<ly & By (V-Adj)
ahN(BVvy)=(aAB)V(ary) aV(BAry)=(aVB)A(aVy)
(a\/ﬂ)——'a//\—'ﬂ (aA,B)——'a/V—',B
Olavp)=oaVvop O(e AB) = 0a A OB

Qi(a vVB) = Qi v OB Qi(a AB) = Qja A QB



First approximation

Let {¢i < i | i € I} be the set of inequalities obtained by
preprocessing. Then the following rule is applied to each ¢; < ¢
only once:

@i S Y
o < @i &Yi < —jo = o < o

Here ip and jo are new nominals which do not occur in any
inequality received in input.

(First-Approx)




Reduction and elimination

Ackermann rules

&Ly ai<p & & Bi(p) <(p)
& BV @) < vV @)

(RH-Ack)

&Lip<ai & & v(p) < Bip)
&jn; V(AL @) < Bi(ALy i)

(LH-Ack)

Here
1. the a; are p-free,
2. the g; are positive in p, and
3. the y; are negative in p.



Reduction and elimination

Adjunction rules

a<BAYy
alp & asly

(A-Adj)

a <08 An
o la<p (B-Ad)

a <8 .
F<-a (—-R-Adj)




Reduction and elimination

Residuation rules

aAB<y a<BVy a<B-oy
w<Bov <55y (A-Res) B 5=y (v-Res) S AE<y AE<y (—-Res)
<% _ oRRes) CGar<B oL -Res)

a1l ®j<B T<B B a<j



Reduction and elimination

Approximation rules

Oa < —i i<Oa
= O-Approx = O-Approx
GOl <ai&a<a) AP ey (OAPPTON)
i< @j(x @j(l’ < =i
- (©-R-Approx) — (©-L-Approx)
|]<a a < )

The nominal j in (o-Approx) and (&-Approx) is a new nominal not occuring in the
computation thus far.
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Main results

Theorem

Every inductive formula that is nominally skeletal is preserved
under canonical extensions of permeated hybrid algebras.

Proof
A=<y WEe<y
)
Qléhahwsw H
Wiy o <@ & ¥ <jo=lo < io Wheig <o & ¥ <jo= o < —ig

W =y pure(p < ¢) = X = pure(p < ¥)



Main results

Corollary

For any set ¥ of inductive formulas that are nominally skeletal, the
logic HT (@) @ X is sound and strongly complete with respect to the
class of Kripke frames defined by the first-order correspondents of
the axioms in ¥..
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Main results

Theorem

Every skeletal formula is preserved under Dedekind MacNeille
completions of atomic hybrid algebras in which ¢ preserves all
existing joins.

Proof
A=<y AM =<y
()
AIM =g p <y H
)
AIM =y g < ¢ & ¥ < o = o < i A =g < & ¢ <o = i < g

AIM =y pure(p < ¥) = A = pure(p < ¢)



Main results

Corollary

For any set ¥ of skeletal formulas, the logic H* (@) & ¥ is sound
and strongly complete with respect to the class of Kripke frames
defined by the first-order correspondents of the axioms in %.
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Relationship between main results

» Gehrke, Harding and Venema showed that all varieties of
monotone bounded lattice expansions which are closed under
MacNeille completions are also closed under canonical
extensions.

» So are the skeletal inductive hybrid formulas also preserved
under canonical extensions?

» No, the irreflexivity axiom i — —<i is a skeletal inductive
formula which is not preserved under canonical extensions
[Conradie].
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Thank you!



