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Introduction
States on MV-algebrasas a generalization of
probability measures on Boolean algebras —
Mundici, 1995.
Flaminio, Montagna, 2009—state operator on
MV-algebras— unary operation with basic properties
of states —state MV-algebras.
Effect algebrasFoulis, Bennett, 1994–modelling
unsharp measurements in QM.
Subclasses of EAs: orthomodular posets and lattices,
orthoalgebras,MV-algebras.
Jenča, 2007— relations between MV-algebras and
Boolean algebras viaMV-pairs.
We studyrelations between state operators and
MV-pairs.
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Outline
1. We introduce some definitions and known results
that we need in what follows.
2. We introduce a simplerdefinition of morphisms of
MV-pairsequivalent with the original definition
introduced bydi Nola, Holčapek, Jenča, 2009.
3. We introduce thenotions of state MV-pairs and
strong state MV-pairs, and study their relations with
state MV-algebras.
4. We find conditions under which an MV-pair, resp. a
state MV-pair, gives rise to asubdirectly irreducible
MV-algebra, resp. asubdirectly irreducible
state-MV-algebra.
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Effect algebras
An effect algebra (EA)is a partial algebra(E;⊕, 0, 1)
with a partially defined binary operation⊕ and two
constants0 and1 such that

(E1) If a⊕ b is defined, thenb⊕ a is defined, and
a⊕ b = b⊕ a.

(E2) If a⊕ b and(a⊕ b)⊕ c are defined, thenb⊕ c
anda⊕ (b⊕ c) are defined, and
a⊕ (b⊕ c) = (a⊕ b)⊕ c.

(E3) ∀a ∈ E : ∃!a′ ∈ E such thata⊕ a′ = 1.

(E4) If a⊕ 1 is defined, thena = 0.

• partial order:a ≤ b iff ∃c ∈ E : a⊕ c = b,
0 ≤ a ≤ 1 ∀a ∈ E, ∃a⊕ b ⇔ a ≤ b′ ⇔ a ⊥ b.
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MV-effect algebras
An MV-algebrais an algebra(M ;⊞,′ , 0) of type
(2, 1, 0), such that⊞ is commutative, associative with
neutral element0, x′′ = x, x⊕ 0′ = 0′, and
(x′ ⊞ y)′ ⊞ y = (y′ ⊞ x)′ ⊞ x.
MV-algebra is a distributive lattice with0 the smallest
and1 := 0′ the greatest element.
MV-effect algebrais a lattice ordered effect algebra
satisfiyng theRiesz decomposition property (RDP):
∀a, b, c ∈ E, if a ≤ b⊕ c, then there areb1, c1 ∈ E
such thatb1 ≤ b, c1 ≤ c anda = b1 ⊕ c1.

MV-effect algebras are in 1-1 correspondence with
MV-algebras.
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Congruences on EAs
A relation∼ on an effect algebraE is acongruence
iff:
(C1)∼ is an equivalence relation.
(C2)a1 ∼ a2, b1 ∼ b2, a1 ⊥ b1, a2 ⊥ b2 ⇒
a1 ⊕ b1 ∼ a2 ⊕ b2.
(C3)a ∼ c, a ⊥ b⇒ ∃d ∈ E : d ∼ b, d ⊥ c:

a⊕ b
∼ ∼
c ⊕ d

• E/∼ := {[a] : a ∈ E} is an EA:
[a] ⊥ [b] ⇔ ∃a1 ∈ [a], b1 ∈ [b], a1 ⊥ b1,
[a]⊕ [b] = [a1 ⊕ b1].

• A congruence preserves RDP.
MV-pairs and state operators



MV-pair
B – Boolean algebra,G – subgroup ofAut(B),
(B,G) — BG-pair.
L+(a, b) := {g(a) ∧ f(b) : f, g ∈ G}
maxL+(a, b) — maximal elements inL+(a, b),

A BG-pair is anMV-paira iff
(MVP1) ∀a, b ∈ B, f ∈ G, a ⊥ b, a ⊥ f(b) ∃h ∈ G,
h(a ∨ b) = a ∨ f(b).
(MVP2) ∀a, b ∈ B, x ∈ L+(a, b),
∃m ∈ maxL+(a, b), x ≤ m.

aJeňca 2007
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Boolean – MV
(B,G) – MV-pair, a, b ∈ B:
a ∼G b ⇔ ∃f ∈ G : b = f(a).

Let (B,G) be an MV-pair. Then
• (MVP1) impliesB/∼G is a effect algebra;

• (MVP2) implies thatB/∼G is a lattice and

[a] ∧ [b] = maxL+(a, b)
("=" is the set equality)
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MV – Boolean
•M – MV-algebra – bounded distributive lattice
=⇒ ∃ a unique Boolean algebraB(M) –R-generated
Boolean algebra– such thatM is a0, 1-sublattice and
M generatesB(M) as a boolean ring.

∀x ∈ B(M), ∃x1 ≤ x2 ≤ . . . ≤ xn ∈M :
x = x1 + x2 + · · ·+ xn (+ is symmetric difference) –
chain representationof x.
• It can be arrangedn - even, and the map
φM : B(M) →M
φM(x) =

⊕n
i=1(x2i ⊖ x2i−1),

where{xi}2ni=1 is anM -chain representation ofx, is a
surjective morphism of effect algebrasa.

aJenca 2004
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R-generated — MV-pair
M– MV-algebra;
G(M) := {f ∈ Aut(B(M)) :
∀x ∈ B(M), φM (x) = φM(f(x))}.
• (a) (B(M), G(M)) is an MV-pair.
(b) ∀x, y ∈ B(M), x ∼G(M) y iff φM(x) = φM(y).
(c) βM : B(M)/G(M) →M ,

βM([x]G(M)) = φM(x),

is an isomorphism of MV-algebrasa.
aJeňca 2007
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Morphisms of MV-pairs
(B1, G1), (B2, G2) — MV-pairs,ψB : B1 → B2 is a
morphism of MV-pairsa iff:
(1) ψB is a morphism of Boolean algebras,
(2) ∀x ∈ B1,∀f ∈ G1,∃g ∈ G2:

ψB(f(x)) = g(ψB(x)),
(3) ∀a, b ∈ B1,m ∈ maxL+(a, b) =⇒

ψB(m) ∈ maxL+(ψB(a), ψB(b)).
• (B,G) – MV-pair,x ∈ B:
O(x) := {y ∈ B : ∃f ∈ G, y = f(x)} — orbit of x.
•A Boolean algebra morphismψB is a morphism of
MV-pairs iff it maps orbits to orbits and maximal
elements to maximal elements inL+.

aDi Nola, Hoľcapek, Jeňca 2009
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MV-pairs – MV-algebras
• ψ :M1 →M2 — morphism of MV-algebras=⇒
∇(ψ) : B(M1) → B(M2) — (unique) morphism of
Boolean algebras.

For every morphismψ of MV-algebras,
∇(ψ) : B(M1) → B(M2) is morphism of MV-pairs.

• ψB : (B1, G1) → (B2, G2) — morphism of
MV-pairs =⇒ ∆(ψB) : B1/G1 → B2/G2,
∆(ψB)([x]G1

) := [ψB(x)]G2

For every morphismψB of MV-pairs,∆(ψB) is
morphism of MV-algebras.

MV-pairs and state operators –



State MV-algebras
A state MV-algebraa is a pair(M,σ),
M — MV-algebra,σ :M →M :
(1) σ(1) = 1.
(2) σ(x′) = σ(x)′.
(3) σ(x⊞ y) = σ(x)⊞ σ(y ⊟ (x⊡ y)),
wherex⊡ y = (x′ ⊞ y′)′.
(4) σ(σ(x)⊞ σ(y)) = σ(x)⊞ σ(y).

• The class of state MV-algebras forms a variety.
• σ(σ(x)) = σ(x).
• σ(M) is MV-subalgebra ofM .

aFlaminio, Montagna 2009
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State operators on EAs
(E,⊕, 0, 1) – effect algebra,σ : E → E is
astate operatora iff
(σ 1) σ(1) = 1.
(σ 2) σ(a⊕ b) = σ(a)⊕ σ(b) if ∃(a⊕ b) .
(σ 3) σ(σ(a)) = σ(a).

A state operator isstrongiff
(σ 4) σ(σ(a) ∧ σ(b)) = σ(a) ∧ σ(b) if ∃(σ(a) ∧ σ(b)).

(E,⊕, 0, 1, σ) – (strong) state effect algebra.

• For MV-effect algebra, this definition ofσ coincides with the

definition ofFlaminio, Montagna 2009iff σ is strong.
aBuhagiar, Chetcuti, Dvurěcenskij 2011
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MV-pair and state operator
• (B,G) – MV-pair,σB : B → B – state operator.
Then:
σB∗([a]G) := [σB(a)]G
is a state operator onM = B/G iff

(O) σB(O(a)) ⊆ O(σB(a)), a ∈ B.

If σB is strong and equality in (O) holds, theσB∗ is
strong.

•M – MV-effect algebra,
σ :M →M — (strong) state operator onM . Then:
σ∗(a) := σ(φM(a)), a ∈ B(M)
is a (strong) state operator onB(M).
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state MV-pair
(B,G, σ) is astate MV-pairiff
(B,G) is an MV-pair,σ : B → B is a state operator,
and condition (O) holds.

A state MV-pair(B,G, σ) is astrongiff σ is strong
state operator and equality in (O) holds.

• (B,G, σ) — (strong) state-MV-pair=⇒
M = B/G — (strong) state MV-effect algebra with
σ∗([a]G) = [σ(a)]G.

• (M,σ) — (strong) state MV-algebra=⇒
(B(M), G(M), σ∗) — (strong) state-MV-pair with
σ∗(a) = σ(φM(a)), and(σ∗)∗ = σ.
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Subdirect irreducibility 1
An MV-algebraM is subdirectly irreducible iffM has a smallest

nontrivial ( 6= {0}) idealI0.

(B,G) — MV-pair, an idealJ in B isG-invariant iff

a ∈ J =⇒ f(a) ∈ J, f ∈ G.

• Let (B,G) be an MV-pair andM := B/G the corresponding

MV-algebra. ThenM is subdirectly irreducible iffB has a

smallest nontrivialG-invariant ideal.

M — MV-algebra,I — ideal inM , thenI∗ := φ−1

M
(I) —

G(M)-invariant ideal inB(M).

• LetM be an MV-algebra,(B(M), G(M)) the corresponding

MV-pair. ThenM is subdirectly irreducible with a smallest

nontrivial idealI0 iff B(M) has a smallest nontrivial

G(M)-invariant idealI∗
0

that extendsI0.
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Subdirect irreducibility 2
(M,σ) — state-MV-algebra, an idealI ⊆M is a
σ-ideal iff

a ∈ I =⇒ σ(a) ∈ I.

• (M,σ) — state-MV-effect algebra,
(B(M), G(M), σ∗) — the corresponding
state-MV-pair. Then(M,σ) is subdirectly irreducible
iff B(M) has a smallest nontrivialG(M)-invariant
σ∗-ideal.

• (B,G, σ) — state-MV-pair,(B/G, σ∗) — the
corresponding state-MV-effect algebra. Then
(B/G, σ∗) is subdirectly irreducible iffB has a
smallest nontrivial G-invariantσ-ideal.
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Morphism of state-MV-pairs
(M1, σ1), (M2, σ2) — state MV-algebras,

ψ :M1 →M2 is morphism of state MV-algebras

iff ψ is a morphism of MV-algebras such that

ψ ◦ σ1 = σ2 ◦ ψ.

(B1, G1, σ1), (B2, G2, σ2) — state-MV-pairs,

ψB : B1 → B2 is amorphism of state-MV-pairs

iff ψB is a morphism of MV-pairs such that:

ψB ◦ σ1 = σ2 ◦ ψB.

• ψ —state MV-algebra morphism of state-MV-effect algebras

(M1, σ1) and(M2, σ2). Then∇(ψ) is a morphism of

state-MV-pairs(B(M1), G(M1), σ1
∗) and(B(M2), G(M2), σ2

∗).

• ψB —- morphism of state MV-pairs(B1, G1, σ1) and

(B2, G2, σ2). Then∆(ψB)([a]G1
) = [ψB(a)]G2

is a morphism

state MV-algebras(B1/G1, σ1∗) and(B2/G2, σ2∗). MV-pairs and state operators –



diagram

σ1(M1)
ψ≡∇(ψ)

// σ2(M2)

M1

σ1

OO

ψ
//M2

σ2

OO

B(M1)

φM1

OO

∇(ψ)
//B(M2)

φM2

OO

ψ(σ1(φM1
(a))) = σ2(φM2

(∇(ψ)(a)) = σ2(ψ(φM1
(a)))
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Functors
∇(M,σ) = (B(M), G(M), σ∗),
∆(B,G, σ) = (B/G, σ∗)

• ∇ and∆ are functors;
∆∇(M,σ) ≃ (M,σ).
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