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Introduction

States on MV-algebraas a generalization of
probability measures on Boolean algebras —
Mundici, 1995

Flaminio, Montagna, 2009-state operator on
MV-algebras— unary operation with basic propertie
of states —state MV-algebras

Effect algebragoulis, Bennett, 1994nodelling
unsharp measurements in QM.

Subclasses of EAs: orthomodular posets and lattice
orthoalgebradviV-algebras

Jenca, 200~ relations between MV-algebras and
Boolean algebras visl V-pairs

We studyrelations between state operators and
MV-pairs
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Outline

1. We introduce some definitions and known results
that we need in what follows.

2. We introduce a simplatefinition of morphisms of
MV-pairsequivalent with the original definition
iIntroduced bydi Nola, HolCapek, Jenca, 2009

3. We introduce th@&otions of state MV-pairs and
strong state MV-pairsand study their relations with
state MV-algebras.

4. We find conditions under which an MV-pair, resp.
state MV-pair, gives rise to subdirectly irreducible
MV-algebrg resp. asubdirectly irreducible
state-MV-algebra
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Effect algebras

An effect algebra (EAJs a partial algebraF; ¢, 0, 1)
with a partially defined binary operatian and two
constant$) and1 such that

(E1) If a & bis defined, them & a Is defined, and
a®b=>b®Da.

(E2) If a ® band(a & b) @ c are defined, theh s ¢
anda & (b & ¢) are defined, and
ad(bdc)=(adb) Pec.

(E3) Va € FE : Jld’ € E such thatys & o’ = 1.

(E4) If a & 1 1s defined, them = 0.

e partial ordera < biff dc€ E:a P c =,
0<a<lVa€e FE,dJadb << a<b albd
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MV-effect algebras

An MV-algebrais an algebraM;H, . 0) of type
(2,1,0), such thatH is commutative, associative witf
neutral elemend, 2" =z, 2 ® 0 = 0/, and

(z'By) By =(yBz) Bz
MV-algebra is a distributive lattice with the smallest
andl := 0’ the greatest element.

MV-effect algebras a lattice ordered effect algebra
satisfiyng theRiesz decomposition property (RDP)
Va,b,c € E, If a <b® ¢, thentherearé,,c; € £
such thab; < b,c; < canda = by & ¢.

MV-effect algebras are in 1-1 correspondence with
MV-algebras
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Congruences on EAs

A relation~ on an effect algebra’ is acongruence

Iff:

(C1) ~ Is an equivalence relation.

(CZ) ai ~ a9,by ~ by, a1 L by,as L by =
&1@191 Nag@bg.
(C3)la~c,alb=dde EF:d~b,d_Lc:

a®Pb

NNy NJ

cdd
e K/~ :={|a] :a € F}isan EA:
la|l L [b] & day € |al, by € [b],a1 L by,
a] © [b] = a1 © by].
e A congruence preserves RDP.
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MV-palir

B — Boolean algebra — subgroup ofAut(B),
(B,G) — BG-pair.

L*(a,b) :={g(a) A f(b) : f,9 € G}

max LT (a,b) — maximal elements il " (a, b),

A BG-pair is anMV-pair® iff

(MVP1)Va,be B, f € G,a L b,a L f(b)3h € G,
h(aVb)=aV f(b).

(MVP2)Va,b € B,z € L*(a,b),

dm € max L (a,b),x < m.

aJerca 2007
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Boolean — MV

(B,G) —MV-pair,a,b € B:
a~cb & Af € G:b= f(a)

Let (B, G) be an MV-pair. Then
e (MVP1) implies B/~ is a effect algebra;

e (MVP2) implies thatB/~ is a lattice and

a] A [b] = max L™ (a,b)
("="Is the set equality)
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MV — Boolean

e M — MV-algebra — bounded distributive lattice
—> d a unique Boolean algebia( M) —-R-generated
Boolean algebra- such thatV/ is a0, 1-sublattice and
M generate$3(M) as a boolean ring.

\V/ZEEB(M),EkEl <z <...<z,€E M:
r=ux1+x9+ -+ x, (+ IS Symmetric difference) -
chain representatioof x.

e [t can be arranged - even, and the map

oy B(M) — M

o (z) = P (v © T2i-1),

where{z;}?", is anM-chain representation af, is a
surjective morphism of effect algebfas

aJenca 2004
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R-generated — MV-pair
M- MV-algebra;
G(M) := {f € Aut(B(M)) :

Vo € B(M), ¢y (x) = on(f(2))}
e (a)(B(M),G(M)) is an MV-pair.

(b)Vo,y € B(M), x ~GM) Y iff oar(z) = dnr(y).
(€) By - B(M)/G(M) — M,
Bu([]aorn) = oum (),
IS an iIsomorphism of MV-algebras
2Jerta 2007




Morphisms of MV-pairs

(Bl, Gl), (BQ, GQ) — I\/IV—pairS,wg . By — By IS a
morphism of MV-pairsift:
(1) )5 I1s @a morphism of Boolean algebras,
(2)Vx € B1,Vf € G1,dg € Go:
p(f(x)) = g(¥p(2)),

(3)Va,b € By,m € max L"(a,b) =

wp(m) € max L™ (¢¥p(a),¥p(D)).
e (B,G)—MV-pair,z € B:
O(x):={ye B:3f € G,y = f(x)} — orbit of z.
oA Boolean algebra morphismg Is a morphism of
MV-pairs Iff it maps orbits to orbits and maximal
elements to maximal elements/in.

2Di Nola, Holcapek, Jeta 2009
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MV-pairs — MV-algebras

e ¢y : My — Ms; — morphism of MV-algebras—
V(@) : B(M;) — B(Ms;) — (unique) morphism of
Boolean algebras.

For every morphism of MV-algebras,

V(y): B(My) — B(Ms) is morphism of MV-pairs
¢ Yp: (B1,G1) — (B, Go) — morphism of
MV-pairs = A(yp) : B1/G1 — By/Go,
A(p)([z]a,) = [¥B(2)]e,

For every morphismyz of MV-pairs,A(yp) is
morphism of MV-algebras
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State MV-algebras

A state MV-algebrais a pair(M, o),
M — MV-algebra,c : M — M

(1)o(l) =1.

(2)o(a') = o(x)"

(3)o(xBy) =olr) Ho(yH (zLy)).
wherex [y = (2’ Hy')'.

(4)o(o(z)Bo(y) =o(z)Bo(y).
e The class of state MV-algebras forms a variety.

o (7((7(33)_) = o(x).
e o(M) is MV-subalgebra of\/.

2Flaminio, Montagna 2009
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State operators on EAS

(F,®,0,1) —effectalgebrag : £ — E'is

a state operatot iff

(c1l)o(l) =1.

(c2)o(a®b) =0(a) Do) if Iad?).

(0 3)o(o(a)) =o(a).

A state operator istrongiff

(c4)o(o(a) No(b)) =o(a) ANa(b)if A(a(a) A a(D)).
(F,®,0,1,0) —(strong) state effect algebra

e For MV-effect algebra, this definition af coincides with the
definition of Flaminio, Montagna 200¥f o Is strong.

ABuhagiar, Chetcuti, Dvurgnskij 2011
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MV-pair and state operator

e (B,G)—MV-pair,op : B — B — state operator.
Then:

oB«(lalg) == |opla)la

IS a state operator ol = B/G iff

(0©)o(0(a)) € O(op(a)),a € B.

If o5 IS strong and equality in (O) holds, the, IS
strong.

o VI — MV-effect algebra,
o : M — M — (strong) state operator avi. Then:

0*(a) = o(ou(a)),a € B(M)
IS a (strong) state operator @M ).
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state MV-pair

(B, G, o) is astate MV-pairiff
(B, &) is an MV-pair,c : B — B is a state operator,
and condition (O) holds.

A state MV-pair(B, GG, o) is astrongiff ¢ is strong
state operator and equality in (O) holds.

e (B,G,0) — (strong) state-MV-pair—-

M = B/G — (strong) state MV-effect algebra with
o«(laa) = lo(a)]e-

e (M, o) — (strong) state MV-algebra=-
(B(M),G(M),c*) — (strong) state-MV-pair with
c*(a) = o(odp(a)), and(c*), = o.
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Subdirect irreducibllity 1

An MV-algebral/ is subdirectly irreducible iff\/ has a smallest
nontrivial (£ {0}) ideal I,.
(B, G) — MV-pair, an idealJ in B is G-invariant iff

aeJ = fla)e J feq.

e Let(B,G) be an MV-pair andV/ := B/G the corresponding
MV-algebra. Thenl/ is subdirectly irreducible iffB has a
smallest nontrivialG-invariant ideal.

M — MV-algebra,l — ideal in M, thenI* := ¢, (1) —

G (M )-invariant ideal inB(M).

e Let M be an MV-algebra(B(M ), G(M)) the corresponding
MV-pair. Then)M is subdirectly irreducible with a smallest
nontrivial ideal [, iff B(M ) has a smallest nontrivial

G (M )-invariant ideal I that extendd,.
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Subdirect irreducibllity 2

(M, o) — state-MV-algebra, an idedlC M is a
o-ideal iff

ael = o(a)€el.
e (M, o) — state-MV-effect algebra,
(B(M),G(M),c*) — the corresponding
state-MV-pair. ThenM, o) is subdirectly irreducible
iff B(M) has a smallest nontrivial/ (M )-invariant
o*-1deal.
¢ (B,G,0)— state-MV-pair( B/G, 0,) — the
corresponding state-MV-effect algebra. Then

(B/G, 0,) is subdirectly irreducible iffB has a
smallest nontrivial G-invariant-ideal.
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Morphism of state-MV-pairs

(M, 01), (M, 09) — State MV-algebras,
Y My, — M, i1s morphism of state MV-algebras
Iff ¢ I1Is a morphism of MV-algebras such that
Yooy =001,

(By,Gy,01), (Bs, Gg, 09) — State-MV-pairs,
Vg : By — By Is amorphism of state-MV-pairs
Iff 15 Is a morphism of MV-pairs such that:

Yp ooy =020Yp.
¢ 1) —state MV-algebra morphism of state-MV-effect algebras
(M, 01) and(Ms, 05). ThenV (1)) is a morphism of
state-MV-pairg B(M,), G(M,),0.*) and(B(Ms), G(Ms), 02*).
e y)p —- morphism of state MV-pair&B,, G, 01) and
(Ba, Go,02). ThenA(vg)(lalg,) = [¥B(a)]q, IS a morphism
state MV-algebrasB, /G, 01,) and(By/Ga, 02,).  wwpairs and stte aperato



diagram




Functors
V(M,o)=(B(M),G(M),c"),
A(B,G,0) = (B/G,0)

e V andA are functors;
AV (M,o0) ~ (M, o).
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