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|
Classical modal logic

e Formulas: A/B,...:=p|p|AAB|AVB|UA| QA
e Negation is defined via De Morgan duality and A - B=AV B
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|
Classical modal logic

Formulas: A,B,...:=p|p|AAB|AVB|OA|OA
Negation is defined via De Morgan duality and A— B=AV B

Axioms for K: classical propositional logic and
k: J(A— B) —» (DA — 0OB)

A A—B o
Rules: modus ponens: ——— necessitation: —
B OA

Theorem: The logic K is sound and complete wrt Kripke frames (W, R).

e W a non-empty set of worlds
o RC W x W the accessibility relation
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N
A fine selection of modal axioms

A=A reflexivity Yw.wRw
4: JA—= OOA transitivity Vxyw.xRy A yRw — xRw

4*: OUOA — OOOA  pseudo-transitivity  Vxyzw.xRy A yRz A zRw — Ju.xRu A uRw
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4*: OUOA — OOOA  pseudo-transitivity  Vxyzw.xRy A yRz A zRw — Ju.xRu A uRw

4" O"A — OmA (m,n)-transitivity  Vxw.xR™w — xR"w
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|
Pure nested sequents

° Sequent: [ 1= Ay, ..., A,
e Corresponding formula: fm(I) = A; V...V A,
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|
Pure nested sequents

o Nested Sequent: T = Ay,..., Am, [T1], .., [[n]
e Corresponding formula: fm(I") = Ay V...V Ap vV Ofm(F1) V... vOfm(T,)

[Kashima, 1994], [Briinnler, 2009], [Poggiolesi, 2009]
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|
Pure nested sequents

Nested Sequent: T :i= Ay, ..., Am, [T1], .., [[n]
Corresponding formula: fm(I) = A1 V...V A, VOfm(M1) V... v Ofm(,)

e Sequent context: I'{ H{ M }=AT[{ }I,[B,{ },{ }lI
System KN:

_ AB A B [A] OA,[A A]
id — V A [l
a,a AV B ANB OA OA, [A]

[Kashima, 1994], [Briinnler, 2009], [Poggiolesi, 2009]
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|
Pure nested sequents

Nested Sequent: T :i= Ay, ..., Am, [T1], .., [[n]
Corresponding formula: fm(I) = A1 V...V A, VOfm(M1) V... v Ofm(,)

e Sequent context: I'{ H{ M }=AT[{ }I,[B,{ },{ }lI
System KN:

_ AB A B [A] OA,[A A]
id — V A [l
a,a AV B ANB OA OA, [A]

Theorem: System KN is sound and complete for the logic K.

[Kashima, 1994], [Briinnler, 2009], [Poggiolesi, 2009]
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|
Indexed nested sequents

Indexed Sequent: T = Ay, ..., Am, [“'T1],..., [T 4]

e No corresponding formula in the general case

Indexed context: T{ Y{ 11 Y =A [{ }.['B,{ V. [*{ ]

e System iKN:
A B A B ‘A A'A A
id — V A O LA] e a ]
a,a AV B ANB OA OA, [ A]
[Fitting, 2015]
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Indexed nested sequents

Indexed Sequent: T = Ay, ..., Am, [“'T1],..., [T 4]

e No corresponding formula in the general case

Indexed context: T {C}{[’DI} ¥ } = A, [°C], ['B,’D], [*{ I
System iKN:

_ A B A B ["A] OA, ["A, A]
id — VvV A O o
.3 AV B AAB OA OA, ["A]

[Fitting, 2015]
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|
Indexed nested sequents

e No corresponding formula in the general case

System iKN:

A B A B

id

O

Indexed Sequent: T = Ay, ..., Am, [“'T1],..., [T 4]

['Al

Indexed context: FQ{C} 1{[3D]}2{A7 [4C]} = A, [2C], [1B, [3D], [2A, [AC]]]

0A, ["A, Al

— v A
.3 AV B ANB

Pseudo-transitive modal logics
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Indexed nested sequents

Indexed Sequent: T = Ay, ..., Am, [“'T1],..., [T 4]

e No corresponding formula in the general case

Indexed context: T{ Y{ 11 Y =A [{ }.['B,{ V. [*{ ]

e System iKN:
A B A B ‘A A'A A
id — V A O LA] e a ]
a,a AV B ANB OA OA, [ A]
w @ w A w UA w u
A0 [A]} 0
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|
Indexed nested sequents

Indexed Sequent: T = Ay, ..., Am, [“'T1],..., [T 4]

e No corresponding formula in the general case

Indexed context: T{ Y{ 11 Y =A [{ }.['B,{ V. [*{ ]

e System iKN:
A B A B ‘A AT'A A
id — V A O LA] 0A ] o ]
a,a AV B AANB OA OA, [ A]
w @ w A w UA w u
tp TW, . W, bc W[ u] W[ ]
A 1] [A] )

Theorem: System iKN is sound and complete for the logic K.

[Fitting, 2015]

Pseudo-transitive modal logics 5/ 10



|
Why are we doing this?

, . [A]
t: OA = A t
A
, . A
4: DA — DDA 4

[[A]]

Theorem: System KN + t is sound and complete for the logic K + t.

Problem: System KN + 4 is not complete for the logic K + 4.
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|
Why are we doing this?

t:OA—= A H [A] 0 ﬂ
A OA

4: DA - ODA 4] o [LOA [0A, A])
([A]] OA, [A]

Theorem: System KN + t° is sound and complete for the logic K + t.

Theorem: System KN + 4° is sound and complete for the logic K + 4.
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|
Why are we doing this?

t:OJ0A—= A H [A] 0 ﬂ
A OA
4: DA - ODA 4] o [LOA [0A, A])
([A]] OA, [A]
4*: O0A o AT
' — HOUA 4 no {-rulel!

[(tAl]

Theorem: System KN + t° is sound and complete for the logic K + t.
Theorem: System KN + 4° is sound and complete for the logic K + 4.

Problem: complete system for K + 4*7?
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|
Why are we doing this?

t: 0A— A 4

" 1LI°[" A1, A2
[["A1], &)

4: DA — O0A 4

4n - O"A — OmA 4n [ [UQX[W ]]],X[XTN YA, Az, - A
["’...[2[ Al]’A2]7”'Am]

Theorem: System iKN + 4" is sound and complete for the logic K + 47,.
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Proof via syntactic cut-elimination

Theorem: If a sequent is derivable in iINK + 47,7 together with the cut-rule
A A
0

cut

then it is also derivable in iINK -+ 47, without cut.
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Ongoing work

decidability problems
e extension to a larger selection of modal axioms

e extension to intuitionistic modal logics

S.Marin, L.StraBburger (Inria) Pseudo-transitive modal logics 9 /10



Bburger (Inr Pseudo-transitive modal logics 10 / 10



Kripke semantics

e Kripke model M = (W, R, V):
e a non-empty set W of worlds
e an accessibility relation R C W x W,
e a valuation function V: W — 24

wi-p iff
wl- p iff
wi-AAB iff
wi- AV B iff
wi-OA  iff
wi-OA  iff

w € V(p)

w il p
wiFAand wi- B
wliFAorwl-B

for all w’ if w/Ru, we have ulF A
there is a u € W such that wRu and u lF A
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ont. 00gq, [q], [[q], a, p1, [[9, P, 9, B, 0P, [la, B, Op], OB, OOP]
" 00gq,[[al, g, el [[a; P), 4, B, Opl, [[q, B, Op], OB, GO
00gq,[0aq, g, pl, [, pl, 9, B, 0pl, [[a, B, Op], OB, OOP]
cont, 4 00aq, [, pl [[g; pl, 9, B, Op), [[a, B, Op], OB, OOP]
cont, 00gq, [[a, pl, 9, B, Op); [[g; B, Op], 0B, OOP]
. 00aq, [[q], 9, B, Opl, [la, P, Op], OB, OOP]
00q,[Oq, g, p, Opl, [[a, B, Op], 0B, O0p]
. 00q, [q, p, Op, [[a, P, OP], OB, OOP]
cont, 4 — —
cont, 0,0 00aq, [[q, B, 0P, 0B, 00P]
00aq, [[4], 0B, O0p]
00q, [Oq, 0p, 00p]
00q, [0B, 00P]
00q v O(0BV OOp)

cont, ¢

cont, ¢

cont, ¢
v,O, Vv
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