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Key points

1 Any two of A,B,AB determine the third uniquely. 0 is a
2-sided identity for (A,B) 7→ AB.

2 The information in three parallel line families, plus the
choice of one point, can be encoded in (and recovered
from) a loop structure (X ; 0, xy , x/y , x\y) on a line.

3 Eliminating the choice of a point, the information can really
be encoded in a “ternary loop” structure on a line, where
xy = m(x ,0, y), x/y = r(x ,0, y) and x\y = `(x ,0, y). This
m(x , y , z) satisfies m(x , x , z) = z = m(z, x , x).

4 Any algebra A has the property that A× A has
congruences defining “vertical” and “horizontal” line
families. If it has a good third congruence, then A will have
a compatible ternary loop/Maltsev structure.

5 If A has “strong enough” operations, the only possible
compatible Maltsev operation on A is x − y + z with
respect to some abelian group structure on A.
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The modular commutator: abelian algebras

A× A is the pullback of A→ • with itself:

A δ−−−−→ A× A −−−−→ Ay y
A −−−−→ •

Now push out A→ • along A δ→ A× A:

A δ−−−−→ A× Ay y
• −−−−→ ? (A× A)/∆

A is abelian if ∆ is disjoint from the coordinate projection
kernels π1, π2 ∈ Con(A):

∆ ∩ π1 = 0 = ∆ ∩ π2.
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The modular commutator: abelian congruences

Replace A→ • with A nat→ A/θ:

A δ−−−−→ A×θ A −−−−→ Ay y
A −−−−→ A/θ

Now push out A→ A/θ along A δ→ A×θ A:

A δ−−−−→ A×θ Ay y
A/θ −−−−→ ? (A×θ A)/∆θ,θ

θ is abelian if ∆θ,θ is disjoint from the coordinate projection
kernels on A×θ A.
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The modular commutator: centralizing pairs

Pull back A→ A/β along itself:

A δ−−−−→ A×β A −−−−→ Ay y
A −−−−→ A/β

Push out using A→ A/α:

A δ−−−−→ A×β Ay y
A/α −−−−→ ? (A×β A)/∆α,β

α centralizes β if ∆α,β ∩ π1 = 0 = ∆α,β ∩ π2.
[α, β] is the least γ ∈ Con(A) such that ∆α,β ∩ γ1 = ∆α,β ∩ γ2.
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Key points

1 This is a language independent (essentially
category-theoretic) definition of an operation on
homomorphism kernels which generalizes the group
commutator operation.

2 It also generalizes ideal product and Lie bracket.
3 It is reasonably easy to calculate with this commutator.
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1. What is the structure of an abelian algebra?

Ideal answer: an algebra with a compatible term operation
x − y + z. (An affine algebra.)
These structures have been classified, and they are “essentially
modules”.
Here is the “+ε”:
Given an R-module M and a submodule U ≤ R ×M, equip the
set M with all operations of the form

r1(x1) + r2(x2) + · · ·+ rn(xn) + m

where (1−
∑

ri ,m) ∈ U.
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where (1−
∑

ri ,m) ∈ U.
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1. What is the structure of an abelian algebra?

Less ideal answer: a subalgebra of a reduct of an affine
algebra. (A quasiaffine algebra.) Here the operations are still
sums of unary functions, but the unary functions and the sum
operation might not be algebra operations.

For example, (N; +) is a subalgebra of a reduct of (Z; +,−,0).

(C; {rx + (1− r)y | 0 < r < 1}), where C is a convex subset of
Rn, is a subalgebra of a reduct of (Rn; +,−,0, {rx | r ∈ R}).

An absolutely free algebra in any given signature is a
subalgebra of a reduct of a module. The module structure is
not related to the free algebra structure.

Still worse: the doubly pointed line is abelian but not
quasiaffine.

0

0′
(R ∪ {0′}; +,+′)
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Structure theorems

Theorem
1 (Herrmann, 1979) An abelian algebra in a congruence

modular variety is affine.
2 (Kearnes & Szendrei, 1998) If the congruence lattices of

algebras in V satisfy a nontrivial law in {∨,∧}, then abelian
algebras in V are affine.

3 (K & S) If the congruence lattices of algebras in V satisfy a
nontrivial law in {◦,∧}, then abelian algebras in V are
quasiaffine but need not be affine.

4 If Q is a relatively congruence modular quasivariety, then
abelian algebras in V are quasiaffine but need not be
affine.
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Applications: finite basis theorems

Theorem
1 A finite affine algebra has a finite equational basis.
2 (Kearnes and Willard) There exists a finitely generated

abelian variety with no finite equational basis.
3 (K & W) Every finitely generated abelian variety is

contained in a finitely generated abelian variety that has a
finite equational basis.
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Specific questions

1 Is it decidable if a finite abelian algebra has a finite
equational basis?

2 Does every finite quasiaffine algebra have a finite
equational basis?

3 (Pigozzi) Does every finitely generated, relatively
congruence modular, abelian quasivariety have a finite
quasiequational basis?
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Another specific question

1 Is there a good description of abelian algebras in more
general “modular categories”?
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2. What is the structure of an abelian congruence?

If N is an abelian normal subgroup of G, then G acts on N
(g ∗ n = gng−1) making N into a G-module.

In fact, G/N acts on N.

In fact, G/(0 : N) acts on N.

If N is small and (0 : N) is large within G, then we have a small
group G/(0 : N) acting on a small abelian group N.

We can make this a small ring acting on a small abelian group
by taking R = Ze[G/(0 : N)] where e is the exponent of N.

OK, we can make anything we like, but the reason we want to
do something like this is that the polynomial structure of the
module RN is exactly the restriction of the polynomial structure
of the group G to N. (RN ≡ (N; Pol(G)|N))
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2. What is the structure of an abelian congruence?

One can try to do this for abelian congruences, but so far the
only serious work has been in the case where the congruence
is affine. This means that, say, θ is an abelian congruence on
A, and A has a term m(x , y , z) such that

m : A×θ A×θ A→ A

is a Maltsev homomorphism. (m(a,a,b) = b = m(b,a,a) if
(a,b) ∈ θ.)

In this case, we typically build the module from the product of
the θ-classes, then build the ring from the polynomial mappings
between θ-classes of A.

Problem: We don’t know how to control the sizes of the rings
and modules that arise this way without further assumptions.
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2. What is the structure of an abelian congruence?

Why does this matter?

One value of the commutator is that it sometimes allows us to
split a problem into its “abelian part” and its “anti-abelian part”,
solve them separately, and combine the solutions.

An example: Ross Willard and I showed that if all subdirectly
irreducible algebras are finite in a congruence modular variety
with finitely many basic operations, then there are only finitely
many of them.
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irreducible algebras are finite in a congruence modular variety
with finitely many basic operations, then there are only finitely
many of them.
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Sketch of idea

ν ν ν
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µ
µ

A1, A2, A3, |A| ↗ ωSI’s:

Con’s:

ν = (0 : µ)

A

s1

s2

s3

s4 S = {s1, s2, . . .}
= a noncentralizing set

Cases: |S| ↗ ω or not
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Sketch of idea

Con(A), A SI

ν

µ

bounded

affine

Want a ring, built from
A/(0 : ν), acting on
different algebras. Need
a uniform construction.
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Specific problems

1 Let V be a variety whose abelian congruences are affine.
Is it true that the polynomial structure on an abelian
congruence θ is determined by the structure of A/(0 : θ)?

2 Systematize the construction of rings acting on abelian
congruences.

3 Can anything like this be done for relatively congruence
modular quasivarieties whose abelian congruences are not
affine?
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3. Is there an easy way to decide if [α, β] = 0?

Model: For modular varieties or quasivarieties we know that the
relation [Cg(a,b),Cg(c,d)] = 0 is equational, meaning that it is
defined by a conjunction of sentences of the form

∀ē(s(a,b, c,d , ē) = t(a,b, c,d , ē)).

In the case of varieties, Ralph McKenzie found the equations
explicitly. The equations have been used to prove finite basis
theorems and theorems about the distribution of subdirectly
irreducible algebras.

1 What are the equations for modular quasivarieties?
2 What are the formulas for nonmodular varieties whose

abelian congruences are affine? These formulas would
help in defining centralizers, (0 : µ), and in defining
nilpotent and solvable radicals.
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