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The frame of reals

The frame of real numbers is the frame £(R) is the frame generated by all ordered
pairs (p, g), where p, g € Q, subject to the following relations:
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The frame of reals

The frame of real numbers is the frame £(R) is the frame generated by all ordered
pairs (p, g), where p, g € Q, subject to the following relations:

(R1) (p,@) A (r,8) = (pVr,qns),
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The frame of reals

The frame of real numbers is the frame £(R) is the frame generated by all ordered
pairs (p, g), where p, g € Q, subject to the following relations:

(R1) (p.@) A (r,s) =(PVr.qAs),
(R2) (p,q)V (r,s)=(p,s)wheneverp<r<qg<s,
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The frame of reals

The frame of real numbers is the frame £(R) is the frame generated by all ordered
pairs (p, g), where p, g € Q, subject to the following relations:

(R1) (p,@) A (r,8)=(pVr,qAs),

(R2) (p,q) Vv (r,s) = (p,s) wheneverp <r < q<s,
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The frame of reals

The frame of real numbers is the frame £(R) is the frame generated by all ordered
pairs (p, g), where p, g € Q, subject to the following relations:

(R1) (p,@) A (r,8)=(pVr,qAs),

(R2) (p,q)V (r,s)=(p,s)wheneverp<r<qg<s,
(R3) (p,q) =VA(r,s) I p<r<s<aq},

(R4) Vp,qe@(pa q) =1
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The frame of reals

The frame of real numbers is the frame £(R) is the frame generated by all ordered
pairs (p, g), where p, g € Q, subject to the following relations:

(R1) (p,@) A (r,8)=(pVr,qAs),

(R2) (p,q)V (r,s)=(p,s)wheneverp<r<qg<s,
(R3) (p,q) =VA(r,s) I p<r<s<aq},

(R4) Vp,qe@(pa q) =1

ﬁ B. Banaschewski,
The Real Numbers in Pointfree Topology,
Textos Mat. Sér. B 12 Universidade de Coimbra (1997).
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The quotient space R/Z
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The frame of the unit circle

The frame of the unit circle is the frame £(T) generated by all ordered pairs (p, q) for
P, g € Q, subject to the following relations:
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The frame of the unit circle

The frame of the unit circle is the frame £(T) generated by all ordered pairs (p, q) for
P, g € Q, subject to the following relations:

R1) (p,q) A (r,s)=(pVr,qAs),

R2) (p,q) v (r,s) = (p,s) whenever p< r < g < s,

R3) (p,q) = V{(r,s) I p<r<s<gq},
)

(
(
(
(R4) V;4ealP, ) =1,

1. Mozo Carollo (UPV/EHU) A description of the localic group of the unit circle BLAST Conference 2015 4/12



The frame of the unit circle

The frame of the unit circle is the frame £(T) generated by all ordered pairs (p, q) for
P, g € Q, subject to the following relations:

(R1) (p,q)A(r,s)=(pVr,gns),

(R2) (p,q) V (r,s) = (p,s) whenever p< r < g < s,

(R3) (p,q) =V{(r,s) | p<r<s<aq},
(R4) Vp}qe@(p7 Q) = 11
(R5) (p,q) = (p+1,9+1).
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The frame of the unit circle

The frame of the unit circle is the frame £(T) generated by all ordered pairs (p, q) for
P, g € Q, subject to the following relations:

(R1) (p,q)A(r,s)=(pVr,gns),

(R2) (p,q) V (r,s) = (p,s) whenever p< r < g < s,

(R3) (p,q) =V{(r,s) | p<r<s<aq},
(R4) Vp,qu(p7 Q) = 11
(R5) (p,q) = (p+1,9+1).

This does not work!
Then one has, for example,

(0,1)=(1,2) by (R5)
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The frame of the unit circle

The frame of the unit circle is the frame £(T) generated by all ordered pairs (p, q) for
P, g € Q, subject to the following relations:

(R1) (p,q)A(r,s)=(pVr,gns),

(R2) (p,q) V (r,s) = (p,s) whenever p< r < g < s,

(R3) (p,q) =V{(r,s) | p<r<s<aq},
(R4) Vp,qu(p7 q) = 11
(R5) (p,q) = (p+1,9+1).

This does not work!
Then one has, for example,
(0,1)=(1,2) by (R9)

but
(0,1H)A(1,2)=(0Vv1,1A2) by (R1)

=(1,1)=0 by (R3)
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The frame of the unit circle

The frame of the unit circle is the frame £(T) generated by all ordered pairs (p, q) for
P, g € Q, subject to the following relations:

(R1) (p,q)A(r,s)=(pVr,gns),
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Then one has, for example,
(0,1)=(1,2) by (R9)

but
(0,1H)A(1,2)=(0Vv1,1A2) by (R1)

=(1,1)=0 by (R3)

Moreover, one has £(T) = {0 = 1}!
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The frame of the unit circle

The frame of the unit circle is the frame £(T) generated by all ordered pairs (p, q) for
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(R2) (p,q)V (r,s)=(p,s)wheneverp<r<qg<s,

(R3) (p,q) = VA(r,s) [p<r<s<g}

(R4) V;4ealP, ) =1,

(R5) (p,q) =(p+1,9+1).

This does not work!
Then one has, for example,

(0,1)=(1,2) by (R5)

but
(0,1H)A(1,2)=(0Vv1,1A2) by (R1)
=(1,1)=0 by (R3)

Moreover, one has £(T) = {0 = 1}!

1. Mozo Carollo (UPV/EHU) A description of the localic group of the unit circle BLAST Conference 2015

4/12



The frame of the unit circle

The frame of the unit circle is the frame £(T) generated by all ordered pairs (p, q) for
P, g € Q, subject to the following relations:

(R1) (p,q)A(r,s)=(pVr,gAs) wheneverqVvs—pAr<1,
(R2) (p,q)V (r,s)=(p,s)wheneverp<r<qg<s,

(R3) (p,q) = VA(r,s) [p<r<s<g}

(R4) V;4ealP, ) =1,

(R5) (p,q) =(p+1,9+1).

Proposition
The spectrum of £(T) is homeomorphic to the unit circle. J
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The frame of the unit circle

The frame of the unit circle is the frame £(T) generated by all ordered pairs (p, q) for
P, g € Q, subject to the following relations:

(R1) (p,q)A(r,s)=(pVr,gAs) wheneverqVvs—pAr<1,
(R2) (p.q) V (r.8) = (p,s) whenever p< r < g < s,
(R3) (p,q) =V{(r,s) | p<r<s<aq},
(R4) Vp,qu(p7 q) = 11
(R5) (p,q) = (p+1,9+1).
Proposition
The spectrum of £(T) is homeomorphic to the unit circle. J
Moreover. ..
Proposition
£(T) is isomorphic to the Alexandroff compactification of £(R). J
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£(T) as a localic quotient £(RR)
Let e: £(T) — £(R) be given by

(p.q) — n\e/Z(p +n,q+n)
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£(T) as a localic quotient £(R)
Let e: £(T) — £(R) be given by

(p.q) — n\e/Z(p +n,q+n)
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£(T) as a localic quotient £(R)
Let e: £(T) — £(R) be given by

(mq%+ggp+mq+m

and f: £(R) — £(RR) be given by

(P,q) = (p+1,9+1).
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£(T) as a localic quotient £(RR)

Proposition

f
£(T) —2= &(R) ——= £(R) s an equalizer in Frm.
S(R)
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£(T) as a localic quotient £(R)

Proposition

f
£(T) —2= &(R) ——= £(R) s an equalizer in Frm.
S(R)

o Equivalently: £(T) is a localic quotient of £(R).
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£(T) as a localic quotient £(R)

Proposition

f
£(T) —2= &(R) ——= £(R) s an equalizer in Frm.
Temw)

o Equivalently: £(T) is a localic quotient of £(R).

f
e Let L———= M be frame homomorphisms.
g
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£(T) as a localic quotient £(R)

Proposition

f
£(T) —2= &(R) ——= £(R) s an equalizer in Frm.
Temw)

o Equivalently: £(T) is a localic quotient of £(R).

f
e Let L———= M be frame homomorphisms.
g

Equalizer in Frm: e:E— L  where E={xel]|f(x)=9(x)}
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£(T) as a localic quotient £(R)

Proposition

f
£(T) —2= &(R) ——= £(R) s an equalizer in Frm.
Temw)

o Equivalently: £(T) is a localic quotient of £(R).

f
e Let L———= M be frame homomorphisms.
g

Equalizer in Frm: e:E— L  where E={xel]|f(x)=9(x)}

f
E— ¢ |——=wm
g9
h
N

1. Mozo Carollo (UPV/EHU) A description of the localic group of the unit circle BLAST Conference 2015 6/12



£(T) as a localic quotient £(R)

Proposition

f
£(T) —2= &(R) ——= £(R) s an equalizer in Frm.
Temw)

o Equivalently: £(T) is a localic quotient of £(R).

f
e Let L———= M be frame homomorphisms.

Equalizer in Frm: e:E— L  where E={xel]|f(x)=9(x)}

E——= s|l—————=M where  h(x) = h(x)
» g9
AN h
3h ~
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The localic group of the frame of the real numbers: (£(R), , v, €) J
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The localic group of the frame of the real numbers: (£(R), u, v, €)

J. Gutiérrez Garcia, J. Picado and A. Pultr,
Notes on point-free real functions and sublocales,

Categorical Methods in Algebra and Topology, Textos Mat. 46 Universidad de
Coimbra (2014)
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The localic group of the frame of the real numbers: (£(R), u, v, €)

J. Gutiérrez Garcia, J. Picado and A. Pultr,
Notes on point-free real functions and sublocales,

Categorical Methods in Algebra and Topology, Textos Mat. 46 Universidad de
Coimbra (2014)

£(T) is a localic quotient of £(R)
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Localic groups

Y}

Multiplication
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Localic groups

Lt s1laL L—s 1

Multiplication Inverse
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Localic groups

L—tsi1aL L—>1L L—S>2=1{0,1}
Multiplication Inverse

Identity
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Localic groups
L—t>LeL L—>1 L—=>2=1{0,1}

I

L—— Il

M 1L
1.6

Lol—"" 1oleL
Associativity
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Localic groups

L—tsi1aL L—>1L L—S>2=1{0,1}
L— " el T Ay S Y
1 .
: peT coidN_ ¢ id@ e
1Ldp
Lel——sIlalal 20 L
Associativity Identity
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Localic groups

L—tsi1aL L—>1L L—S>2=1{0,1}
L " el Lol<—"l " el
] .
a AL caidN ¢ dee
1
Lol 9P alal 26 L
Associativity Identity
LoL<—t " gL
~@id oLe id@ -y
lol—Y 1V gL

Inverse elements
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Can we lift the localic group structure to a quotient?

e Inverse morphism:

e .
E—— s ——=M anequalizer.
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Can we lift the localic group structure to a quotient?

e Inverse morphism:

e .
E—— s ——=M anequalizer.

e

L
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Can we lift the localic group structure to a quotient?

e Inverse morphism:

——————= M anequalizer.
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Can we lift the localic group structure to a quotient?

e Inverse morphism:
e

E—— s ———=M anequalizer.
A g9
\ ]'y
\
A L
_\
BN N ]e
N
CE
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Can we lift the localic group structure to a quotient?

e Inverse morphism:
e

E—— s ———=M anequalizer.
A g9
\ T'y
\
A L
_\
BN N Te
N
CE

o |dentity morphism:

E*G>L*€>2
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Can we lift the localic group structure to a quotient?

e Inverse morphism:
e

E—— s ———=M anequalizer.
A g9
\ T'y
\
A L
_\
BN N Te
N
CE

o |dentity morphism:
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Can we lift the localic group structure to a quotient?

e Inverse morphism:
e

E—— s ———=M anequalizer.
A g9
\ T'y
\
A L
_\
BN N Te
N
CE

o |dentity morphism:

o Multiplication morphism??
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Induced localic group structures

e Let (L, pu,~,¢) be alocalic group
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Induced localic group structures

e Let (L, pu,~,¢) be alocalic group

fiso
e E— % o 2= M anequalizer
g iso

such that the following diagrams commute:
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Induced localic group structures

e Let (L, pu,~,¢) be alocalic group

fiso
e E— % o 2= M anequalizer
g iso

such that the following diagrams commute:

e ¥ f
E—sl——sl—<M
g
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Induced localic group structures

e Let (L, pu,~,¢) be alocalic group

fiso
e E— % o 2= M anequalizer
g iso

such that the following diagrams commute:

e ¥ f
E—-% o1 ol ——=mM
g

Lo L

gel,

W\
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Induced localic group structures

e Let (L, pu,~,¢) be alocalic group

fiso
e E— % o 2= M anequalizer
g iso

such that the following diagrams commute:

f
E*e>L*’Y>L:>>M
g

EaoE yMEBL
W\e-one/
go 1L
e L K Lol
&

L0 am
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Induced localic group structures

Theorem
(E,m,7,€) is a localic group. J
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Induced localic group structures

Theorem
(E,m,7,€) is a localic group. J

Proof: Do the diagrams on the definition of localic groups commute in this case?
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Induced localic group structures

Theorem
(E,m,7,€) is a localic group. J

Proof: Do the diagrams on the definition of localic groups commute in this case?
One can check diagrams, but. ..
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(E,m,7,€) is a localic group. J

Proof: Do the diagrams on the definition of localic groups commute in this case?
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Induced localic group structures

Theorem
(E,m,7,€) is a localic group. J

Proof: Do the diagrams on the definition of localic groups commute in this case?
One can check diagrams, but. ..

B(x) = p(x), F(X) = v(x), g(x) = e(x) for all xeE
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Induced localic group structures

Theorem
(E,m,7,€) is a localic group. If L is abelian so is E.

Proof: Do the diagrams on the definition of localic groups commute in this case?
One can check diagrams, but. ..

B(x) = p(x), F(X) = v(x), g(x) = e(x) for all xeE
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Induced localic group structures

Theorem
(E,m,7,€) is a localic group. If L is abelian so is E.

Proof: Do the diagrams on the definition of localic groups commute in this case?
One can check diagrams, but. ..

B(x) = p(x), F(X) = v(x), g(x) = e(x) for all xeE

Theorem

(£(T), &, 7,€) is aninduced abelian localic group.
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Mila esker!

Grazie mille!

imanol.mozolehu.es
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