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Residuated lattices.
Definition
A bounded integral residuated lattice is an algebra

M= (M;®,V,\,—,~,0,1) of type (2,2,2,2,2,0,0) satisfying:
e (M; ®,1)is a monoid;

e (M; Vv,A,0,1)is a bounded lattice;
o xOy<ziff x<y—=z iff y <x~ 2z
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Residuated lattices.

Definition

A bounded integral residuated lattice is an algebra

M= (M;®,V,\,—,~,0,1) of type (2,2,2,2,2,0,0) satisfying:
e (M; ®,1)is a monoid;
e (M; Vv,A,0,1)is a bounded lattice;
o xOy<ziff x<y—=z iff y <x~ 2z

In what follows, a residuated lattice is a bounded integral residuated lattice.
Additional unary operations:

x =x—>0, x7:=x~0

A residuated lattice M is called
@ good if it satisfies x™~ = x™~.
@ normal if it satisfies
(xOy) "=xT"0oy ", (xOy)TT =xTT 0y~
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Special cases of residuated lattices.

Terms of properties of residuated structures

(1) x=y)Vy—=x) =1 = (x~y)V(y~x) prelinearity

(2) x=y)Ox=xAy=yo(y~x) divisibility
(3) x Y =x=x"" involution
(4) xoOx=x idempotency
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4) xOx=x

pre-linearity
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idempotency

A residuated lattice M is

@ a pseudo MTL-algebra if M satisfies (1);

v
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Terms of properties of residuated structures

(1) x=y)Vy—=x) =1=(x~y)V(y~x)
(2) (x=y)Ox=xAy=yO(y~ x)

(3) Y =x=x""
(4)

X
4) xOx=x

pre-linearity
divisibility
involution

idempotency

A residuated lattice M is

@ a pseudo MTL-algebra if M satisfies (1);

an R{-monoid if M satisfies (2);

a pseudo Bl-algebra if M satisfies (1) and (2);
a Heyting algebra if M satisfies (4);

and (3).

a GMV-algebra (pseudo MV-algebra equivalently) if M satisfies (2)

v
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Filters and congruences.

A non-empty subset F of a residuated lattice M is called a filter of M if
(a) x,y€F imply x@y€F,;
(b) xeF,yeM,x<y imply y € F.

J. Rachtinek, D. Salounova (CR) Ideals in residuated lattices TACL 2015

4/17



Filters and congruences.

A non-empty subset F of a residuated lattice M is called a filter of M if
(a) x,y€F imply x@y€F,;
(b) xeF,yeM,x<y imply y € F.

A filter F is called normal if for each x, y € M

(c) x—>y€eF < x~wyeckF.

J. Rachiinek, D. Salounové (CR) Ideals in residuated lattices TACL 2015 4 /17



Filters and congruences.

A non-empty subset F of a residuated lattice M is called a filter of M if
(a) x,y€F imply x@y€F,;
(b) xeF,yeM,x<y imply y € F.

A filter F is called normal if for each x, y € M

(c) x—>y€eF < x~wyeckF.

normal filters of M <— kernels (i.e. 1-classes) of congruences on M
(x,y) €<= (x> y)o(y > x)€F
= (x»y)o(y~x)eF.

J. Rachiinek, D. Salounové (CR) Ideals in residuated lattices TACL 2015 4 /17



Filters and congruences.

A non-empty subset F of a residuated lattice M is called a filter of M if
(a) x,y€F imply x@y€F,;
(b) xeF,yeM,x<y imply y € F.

A filter F is called normal if for each x, y € M

(c) x—>y€eF < x~wyeckF.

normal filters of M <— kernels (i.e. 1-classes) of congruences on M
(x,y) €<= (x> y)o(y > x)€F
= (x»y)o(y~x)eF.

M/F ... a quotient residuated lattice;
x/F =x/0F ...the class of M/F containing x.
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GMV -algebras (pseudo MV-algebras).
Definition
A GMV-algebra is an algebra M = (M; @, ,~,0,1) of type (2,1,1,0,0), where
xQ@y:=(x" @y~ )" forany x, y € M, satisfying:
0 xB(yd2)=(x®y) Dz
) x®0=x=0& x;
) x®l=1=16¢x;
) 1" =0=17;
° (xXTeyT) =K &y )
° xB(yoxT)=yd(x0oyT )= 0x)dy=(x"0y)dx
° (xTey)lox=yo(xeyT)
o

—~

X = X.
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x<y iff x " @y=1,
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GMV -algebras (pseudo MV-algebras).
Definition
A GMV-algebra is an algebra M = (M; @, ,~,0,1) of type (2,1,1,0,0), where
xQ@y:=(x" @y~ )" forany x, y € M, satisfying:
0 xB(yd2)=(x®y) Dz
) x®0=x=0& x;
) x®l=1=16¢x;
) 1" =0=17;
° (xXTeyT) =K &y )
° xB(yoxT)=yd(x0oyT )= 0x)dy=(x"0y)dx
° (xTey)lox=yo(xeyT)
o

—~

X = X.

x<y iff x ®y=1, (M,<)is a bounded distributive lattice,
xVy=x®(yox"), xAhy=x0(y®x™)
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|deals of GMV-algebras.

A non-empty subset / of a GMV-algebra M is called an ideal of M if
(a) x,yel imply xdyel,
(b) xel,yeM,y<x imply yel.
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|deals of GMV-algebras.

A non-empty subset / of a GMV-algebra M is called an ideal of M if
(a) x,yel imply xdyel,

(b) xel,yeM,y<x imply yel.

An ideal [ is called normal if for each x, y € M

() x Oyel <= yox~el.

normal ideals of M +— kernels of congruences on M
(x,y) €<= (x Oy)®(y @x)el
— (xoyY)e(yoxT)el.
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Motivation.

@ In GMV-algebra M, x Oy := (x" @y )™, put x >y :=x" Dy, x~y:=ydx"~,
then (M; ®,V,A,—,~+,0,1) is a residuated lattice with (2), (3).

@ Conversely, let (M; ®,V,A,—,~+,0,1) be a residuated lattice with (2), (3).
Put x~:=x—=0, xV:=x~0, xdy =(x" Oy )" =x"0y~)".
Then M = (M; ®,~ ,~,0,1) is a GMV-algebra.

Filter and ideal theories of GMV-algebras are mutually dual.

A dual binary operation to multiplication in residuated lattices does not exist.

J. Rachiinek, D. Salounova (CR) Ideals in residuated lattices TACL 2015 7/17



The aim.

@ To fill the gap by introducing the notion of ideal in residuated lattices.
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The aim.

@ To fill the gap by introducing the notion of ideal in residuated lattices.

@ To establish congruences in residuated lattices using ideals.
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Ideals of residuated lattices.

Let M be a residuated lattice, we put
@ XQy:=y~ ~ x ... left addition,
@ xOy:=x" —y ... right addition on M.
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Ideals of residuated lattices.

Let M be a residuated lattice, we put
@ XQy:=y~ ~ x ... left addition,
@ xOy:=x" —y ... right addition on M.

Definition

A non-empty subset / of a residuated lattice M is called a left ideal of M if
(a) x,yel = xoye€el,

(b) xel,zeM,z<x = ze€l.
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Ideals of residuated lattices.

Let M be a residuated lattice, we put
@ XQy:=y~ ~ x ... left addition,
@ xOy:=x" —y ... right addition on M.

Definition

A non-empty subset / of a residuated lattice M is called a left ideal of M if
(a) x,yel = xoyel,

(b) xel,zeM,z<x = ze€l.

Theorem 1

Let | be a subset of a residuated lattice M containing 0. Then | is a left
ideal of M if and only if

Vx,yeM;, x oyel,xel = yel.
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Ideals of residuated lattices.

Definition

A non-empty subset / of a residuated lattice M is called a right ideal of M
if

@) x,yel = xQyel,
(b) xel,zeM,z<x = zel.

Theorem 1’

Let | be a subset of a residuated lattice M containing 0. Then | is a right
ideal of M if and only if

Vx,yeM;, yox~el, xel = yel.
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Ideals of residuated lattices.

Definition

A non-empty subset / of a residuated lattice M is called a right ideal of M
if

@) x,yel = xQyel,

(b) xel,zeM,z<x = zel.

Theorem 1’

Let | be a subset of a residuated lattice M containing 0. Then | is a right
ideal of M if and only if
Vx,yeM;, yox~el, xel = yel.

Every left ideal as well as every right ideal of a residuated lattice M is
a lattice ideal.
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|deals of residuated lattices.

Definition

A non-empty subset / of a residuated lattice M is called a ideal of M if it
is both left and right ideal of M, i.e.

(a) x,yel = xoyel,

(@) x,yel = xQye€l,

(b) xel,zeM,z<x = z€l.
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|deals of residuated lattices.

Definition

A non-empty subset / of a residuated lattice M is called a ideal of M if it
is both left and right ideal of M, i.e.

(a) x,yel = xoyel,

(@) x,yel = xQye€l,

(b) xel,zeM,z<x = z€l.

For an ideal I of a residuated lattice M,
(x,y) €0 == x " 0Oyel,y Oxel,xoy~el,yox~el.
f; ... an equivalence on M.

Theorem 2

a) Let M be a residuated lattice and | an ideal of M. Then the equiva-
lence 0 is a congruence on the reduct (M; ®,V,—,~+,0,1) of the resi-
duated lattice M.

b) If M is a pseudo BL-algebra then 6, is a congruence on M.
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Ideals of residuated lattices.

Theorem 3

a) If M is a pseudo BL-algebra and | is an ideal of M, then M /6, is
a GMV -algebra.

b) If M is any residuated lattice then M /0 is an involutive residuated
lattice.
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Involutive filter, Glivenko property

If Fis a normal filter of a residuated lattice M, then we say that F is
an involutive filter if the quotient residuated lattice M/F is involutive.
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Involutive filter, Glivenko property

If Fis a normal filter of a residuated lattice M, then we say that F is
an involutive filter if the quotient residuated lattice M/F is involutive.

Glivenko property

A residuated lattice M satisfies the Glivenko property if for any x, y € M
(x—=y) T=x—=y", (xmy)TT =x~

The Glivenko property was introduced (Cignoli, Torrens 2004) for commutative
residuated lattices

(x=y) =x—y .
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Involutive filter, Glivenko property

If Fis a normal filter of a residuated lattice M, then we say that F is
an involutive filter if the quotient residuated lattice M/F is involutive.

Glivenko property
A residuated lattice M satisfies the Glivenko property if for any x, y € M
(x—=y) T=x—=y", (xmy)TT =x~

The Glivenko property was introduced (Cignoli, Torrens 2004) for commutative

residuated lattices __ __
(x=y) =x—y .

For a good residuated lattice M, the following conditions are equivalent:
(i) (x~"—=x)""=1=(x""~x)"",
(i) (x=2y) " =xT" 2y (X y) YT =X ey

(i) (GP).
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Set of dense elements.

For a residuated lattice M:

DIM) ={xeM: x~=1=x""}.

Theorem 4
a) If M is a good residuated lattice, then D(M) is a filter of M.
b) If, moreover, M satisfies (GP), then D(M) is a normal filter of M.

Theorem 5

Let M be a good residuated lattice satisfying (GP) and x, y € M. Then
(x, y) € Op(m) if and only if x~~ = y="~. Moreover, M/D(M) is an
involutive residuated lattice, i.e. D(M) is an involutive filter.
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D(M) and involutive normal filters.

Theorem 6

If a good residuated lattice M satisfies (GP) and F is an involutive normal
filter of M, then D(M) C F.

v

Proposition 7

If F1 and F» are normal filters of a residuated lattice M, F; C F> and F1 is
an involutive filter, then F» is also involutive.

V.
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D(M) and involutive normal filters.

Theorem 6

If a good residuated lattice M satisfies (GP) and F is an involutive normal
filter of M, then D(M) C F.

v

Proposition 7

If F1 and F» are normal filters of a residuated lattice M, F; C F> and F1 is
an involutive filter, then F» is also involutive.

V.

Corollary 8

If M is a good residuated lattice satisfying (GP) then the involutive filters
of M are exactly all normal filters of M containing D(M).
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Connections among ideals, filters and congruences.

Proposition 9

If M is a residuated lattice and | is an ideal of M then | is the O-class
in M/Q[
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Let | be an ideal of a pseudo BL-algebra and F = Fj =1/0,. Then F is
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Connections among ideals, filters and congruences.

Proposition 9

If M is a residuated lattice and | is an ideal of M then | is the O-class
in M/Q/

Proposition 10

Let | be an ideal of a pseudo BL-algebra and F = Fj =1/0,. Then F is
an involutive normal filter of M.

Proposition 11

If M is a residuated lattice and F is a normal filter of M, then the class
0/F is an ideal of M.
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Connections among ideals, filters and congruences.

Theorem 12 (the main result)

If M is an arbitrary pseudo BL-algebra then there is a one-to-one
correspondence between ideals and involutive normal filters of M.

Remark 13

Let M be a good pseudo BL-algebra. In the previous correspondence,

the ideal {0} corresponds to the filter D(M). (In fact, this is also true for
any good residuated lattice satisfying (GP).)
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