Finite Embeddability Property of Distributive
Lattice-ordered Residuated Groupoids with Modal
Operators

Zhe Lin

Institute of Logic and Cognition, Sun Yat-sen University, Guangzhou, China

Faculty of Mathematics and Computer Science Adam Mickiewicz University, Poznan, Poland

29-07-2011, TACL2011

Zhe Lin (TACL 2011) Finite Embeddability Property of Distributive Lattice-ord Cheit 1/19



Preliminaries
Associative Lambek Calculus L: (Lambek 1958) (I # ¢)

(Id) A= A
I'B,A=C &= A A, T = B
L) (\R)
T,&, A\B,A = C T = A\B
I' BBA=C &= A I'A= B
(/L) (/R)
I',B/A,® A = C I = B/A
I',A,BA = C '=A A=B
(L) (-R)
A -B,A=C I'A= A -B

' AA A= B &= A

I ® A =B
Nonassociative Lambek Calculus NL: (Lambek 1961)
Fomula structures (trees): formulas, I' o A; Sequent: T' = A

A= A I'[B] = C Aoll'=> B
R

(cuT)

L) (\R)
I'[A o A\B] = C I = A\B
T'[A] = C A=B T'oB= A
(/L) (/R)
T[A/Bo Al = C = A/B
L) T[AoB] = C ) r=A A=B
T[A-B]=C FT'oA= A B
A= A T[A] = B
(cury ——— "~

rjal = B

(CUT) is admissible in L and NL.
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A residuated semigroup: M = (M, <,-,\,/) s.t. (M, <) is a poset such that
(M, -) is semigroup \, / are binary operations on M, respectively, satisfying
the residuated law:

(RES) a-b<c iff b<a\c iff a<c/b (1)
A residuated groupoid: need not be associative

A valuation p in M is a homomorphism from the formula into algebra M. A
sequent I" = A is true in the model (M, u), if u(T') < p(A).

L is strongly complete w.r.t. residuated semigroups. NL is strongly complete
w.r.t. residuated groupoids.
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Lattice:
T[A;] = B I'=A I'= B
(AL) (AR)
I[A] A Ag] = B = AAB
T'[Ay;] = B T[A3] = B = A;
(vL) [Aq] [Ag] (VR) i
T[A; V A3l = B = A1 V Ag

Distributive axiom: (D) A A (BV C) = (AAB)V (AACQC).
Full Lambek Calculus (FL) is strongly complete w.r.t lattice-ordered residuated

semigroup. Full Nonassociative Lambek Calculus (FNL) is strongly complete
w.r.t lattice-ordered residuated groupoid.

A distributive lattice-ordered residuated groupoid: (G, A, V, -, \,/) such that
(G, A, V) is a distributive lattice and (G, -,\, /) is a residuated groupoid, where
the order is lattices order.

Distributive Full Nonassociative Lambek Calculus (DFNL) is strongly complete
w.r.t distributive lattice-ordered residuated groupoid.

(CUT) is not admissible in system with (D).
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Modalities(MOORTGAT 1996)

T[(A)] = B = A
(L) (OR)
T[0A] = B (T) = 0A
O T[A] = B @1 R) (T) = A
r(0 L A)] = B r=0.A

ra)y = A T T(A)] = A
T((A)] = A T[A] = A

A distributive lattice-ordered residuated groupoid with S4-operators (S4-dirg)
is a structure (G, A, V, -, \,/,0,01]) such that (G, A, V) is a distributive lattice
and (G,-,\,/,0,01) is a structure such that -,\, / and ¢, O | are binary and
unary operations on G, respectively, satisfying the above conditions (1) and
standard modal S4-axioms:

T a<0a, 4 00a<Qa (2)

K O(and) <OanOb (3)

Remark: K is admissible in S4-dirg. Here after we slip this axiom.

DNFLg, is strongly complete w.r.t S4-dirg
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A class of algebras K is said to have the finite embeddability property (FEP) if
for every algebra A in I and every finite partial subalgebra B of A, there
exists a finite algebra D in K such that 5 embeds into D.
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A class of algebras K is said to have the finite embeddability property (FEP) if
for every algebra A in I and every finite partial subalgebra B of A, there
exists a finite algebra D in K such that 5 embeds into D.

@ FEP imply the decidability of the universal theories of relative algebra.
@ FEP imply consequence relation of the corresponding logic is decidable.
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[8]. M. Farulewski, Finite embeddability property for residuated groupoids, Reports on Mathematical Logic, 43:25-42, 2008.
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@ FEP of RAs (residuated algebras), distributive lattice-ordered RAs,
boolean RAs, Heyting RAs and double RAs
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@ FEP of RAs (residuated algebras), distributive lattice-ordered RAs,
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FEP of S4-dirgs (Our results also state for dirgs with modal operators
satisfying 4 or T only).
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A class K of algebras has Strong Finite Model Property (SFMP) if every Horn
clause that fails to hold in K can be falsified in a finite member of K.

Strong Finite Model Property (SFMP) of a formal system S: if - ¢ = A does
not hold in S, then there exist a finite model of S (M, 1) such that all sequents
from & are true, but I' = A is notin (M, p).

If a formal system S is strongly complete with respect to K, then it yields,

actually, an axiomatization of the Horn theory of KC; hence SFMP for S with
respect to K yields SFMP for K.
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Theorem

If a class of algebras K is closed under (finite) products, then SFMP for K is
equivalent to FEP for K
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actually, an axiomatization of the Horn theory of KC; hence SFMP for S with
respect to K yields SFMP for K.

Theorem

If a class of algebras K is closed under (finite) products, then SFMP for K is
equivalent to FEP for K

SFMP for DNFLg,(FEP of S4-dlrgs)
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N
Linguistic analysis of modalities and additives

L or NL enriched with modalities or additive can be used to analysis some
linguistic phenomenon like feature agreement, feature description, parasitic
gap and so on.

Let me show some very easy example:

O lsing np denote singular noun phrase and O |,,; np denote plural noun
phrase

walks — O |sing np\s

walk — O |, np\s

walked — np\s

John — O | sing np

the Beatles — 0O |,,; np

the Chinese — O | sing O Iy np

John walks. John walked. John walk.

000000

np = np

(R S s D )

(i lsing mp) = np (T) s> s
O Lsing P = O lsing np s = s oL O Lsing nP = np )
Olsing npoOlging np\s = s O lsing nponp\s = s

Dl’sing nijJ,pl np s = s

(\L) (not derivable)
O Lsing nP © O ip np\s = s
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N
The Chinese walk. The Chinese walks.

D"”i (1, ()
Hdpr np) = np @Yy, (OYR) s = s

= Ysing =] ‘pt np = =] ‘sing nP

(L)
Olsing Odpr npollging no\s = s
O O
tpl P = T bpl 7P (VL) (T) s= s
(Olsing Odpy np) = 04y np oL

O Laing Odpr npo O Lgipng np\s = s

@ become — vp/np V ap
Q@ wealthy — ap
@ and — (ap Vv np\ap Vv np)/ap V np
© aprofessor — np
become a professor and wealthy

apV mp = ap V np vp = vp

np = ap V np
vp/ap V npoapV np = vp

vp/ap V npo (npoapV np\ap V np) = vp
vp/ap V np o (npo ((ap V np\ap V np)/ap V np 0 ap)) = vp

ap = np V ap
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.
Interpolation property

Lemma

If® Fxi T[A] = A, then there exists a formula D such that ® Fxi, A = D and
® i, I'[D] = A, where D is a subformula of some formulae appearing in
I'[A] = A and ®.

@ NLO (Jager 2004) NLA(Farulewski 2008) DFNL (Buszkowski, and
Farulewski 2009) NLg4 (Plummer 2008).

@ The consequence relation of NL is decidable in polynomial time
(Buszkowski 2005)

@ Context-freeness of NL¢ (Jager 2004), NLg4 (Plummer 2008), DFNL
(Buszkowski, and Farulewski).

@ FEP of Rgs, Dirgs (Farulewski 2008, Buszkowski, and Farulewski 2009),
FEP of RAs, distributive lattice-ordered RAs, boolean RAs, Heyting RAs
and double RAs (Buszkowski 2010)
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Question:
? interpolation property for DNFLg, YES

Let T" denote a set of formulas
@ T-sequent: A sequent such that all formulas occurring in it belong to 7.

@ g I'=r A: If ' = A has a deduction from & (in the given calculus S)
which consists of T-sequents only (called a T-deduction).

@ T-equivalent: Two formulae A and B are said to be T-equivalent in
calculus S, ifand only if ¢ A =1 Bandtg B =1 A.
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Lemma

LetT be a set of formulae closed under V/, A. If ® Fppnwe, T[(A)] =1 A then
there exists a D € T such that ® Fppnre, (A) =1 D, ® FprNwg, (D) =1 D,
and ® I_DFNLS4 F[D] =T A.
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Lemma

LetT be a set of formulae closed under V/, A. If ® Fppnwe, T[(A)] =1 A then
there exists a D € T such that ® Fppnre, (A) =1 D, ® FprNwg, (D) =1 D,
and ® I_DFNLS4 F[D] =T A.

Lemma

LetT be a set of formulae closed under V/, A. If ® Fppnie, I[A] =1 A then
there exists a D € T such that ® Fppnrg, A =7 D and
P l_DFNLs4 F[D] =T A.

Lemma

If T is set of formulas generated from a finite set and closed under A, Vv, then
T is finite up to the relation of T-equivalence in DFNLg,.
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Let M = (M, -, ¢) be a groupoid with a unary operation ¢.

Q@ UOV={a-beEG:acU,beVIU\V={2€G:UO{2}CV}LV/U={2€ M;{2}0UCV}

C:P(M)— P(M) (4T-closure operator on M)

@ (CHU C C). (CifU C VienC(U) C C(V)

Forany U C M: U is C-closed, if C(U) = U. C(M): the family of all closed
subsets of M. Operation on C(M) are defined as follows:

UV=CUeV),eU=C U),UveV=CUVV),\, /DO, A as above.

Theorem

CM)=(C(M),®,\, /, ¢, 01, A V) is an S4-lattice order residuated
groupoid.
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T': nonempty set of formulae containing all subformulae of formulae in &; 7" : all formula structures form out of formulae in 7. Similarly; 7 [o]: all

contexts in which all formulae belong to 7'

LetT'[o] € T* and A € T; B(T'): the family of all sets [I'[o], 4]
[F[O},A] = {A :AeT* and @ l_DFNLs4 F[A] =T A}
Cr(U) = ({IL[e], Al € B(T) : U C [[[e], Al}

Lemma
Cr is a S4-modal closed operator. J

T': containing all formulae in &, closed under subformulae, A and V. G(7 ) = (T™, o, ()): a groupoid, () is an unary operation on T'*.

Lemma
Cr(G(T™)) is aS4-Irg J
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e p(p) = [p]
[A]® [B] =[A-B], [A\[B]=[A\B], [A]/[B]=[A/B] (4)
*A]=1[0A4] DL[A]=[0{A] (5)
[AJN[Bl =[AADB] [AlVc[B]l=[AV D] (6)

all formulas appearing in them belong to 7.

Lemma

For any nontrivial closed setU € Crp(G(T™)), there exists a formula A € R
such thatU = [A].

Lemma
Cr(G(T™)) is a finite AT — dirg.
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Lemma

T denotes a set of formulae, containing all formulae in ® and closed under A,
V, and subformulae. Let i be a valuation in Cr(G(T™)) such that i(p) = [p].
For any T-sequent T = A, this sequent is true in (Cr(G(T™)), u) if and only if
P l_DFNLs4 I'=~r A.

Theorem

Assume that ® FprNLs, I = A does not hold. Then there exist a finite
distributive lattice ordered residuated groupoid with 4T-operators G and a
valuation . such that all sequents from ® are true butT" = A is not true in (G,

1)-

Corollary
S4 — dlrgs has FEP
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