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Provability logics
Extending to ordinals
The logic GLB

» The modal provability logic GL

» characterizes provability for ¥ 1-sound theories
» Axioms are

> All boolean tautologies

> D(A — B) — (DA — DB)

» O(0A — A) — 0OA
» Rules are

» Modus Ponens
> Necessitation: £
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Provability logics
Extending to ordinals
The logic GLB

» The closed fragment of GLP,: no variables
» |t has been used for an ordinal analysis of Peano Arithmetic
» Calculation carried out within the closed fragment

» Can this type of analysis be extended to stronger theories?
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Extending to ordinals

The logic GLB

Building an ordinal analysis beyond Peano Arithmetic poses:
Important question: is there suitable semantics for GLPR?
First case study

In particular, is there suitable topological semantics for GLB9?
GLB := GLP,

More in particular:
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Semantics based on ordinal spaces!
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Where 7; corresponds to (i):
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we need all 7; to be scattered
Typical examples: ordinal spaces

[x]¢ — [yl for x < y imposes 7, C 7,

vV v . v. v Y

(x)p — [yl{(x)p for x < y imposes dy(A) € 7,

Joost J. Joosten Ordinal spaces for GLB?



Scattered spaces
Existing results
Drawbacks and new approach

Topological Semantics for GLP,

> [Blass, Abashidze]: GL is complete with respect to Q w.r.t.
the interval topology and Q > w¥

Joost J. Joosten Ordinal spaces for GLB?



Scattered spaces
Existing results
Drawbacks and new approach

Topological Semantics for GLP,

> [Blass, Abashidze]: GL is complete with respect to Q w.r.t.
the interval topology and Q > w¥

> [Blass] Completeness of GL is independent of ZFC for ordinal
spaces w.r.t. the club topology

Joost J. Joosten Ordinal spaces for GLB?



Scattered spaces
Existing results
Drawbacks and new approach

Topological Semantics for GLP,

> [Blass, Abashidze]: GL is complete with respect to Q w.r.t.
the interval topology and Q > w¥

[Blass] Completeness of GL is independent of ZFC for ordinal
spaces w.r.t. the club topology

» In particular, if V=L, then GL is complete w.r.t. the club
topology for any ordinal > X,

Joost J. Joosten Ordinal spaces for GLB?



Scattered spaces
Existing results
Drawbacks and new approach

Topological Semantics for GLP,

> [Blass, Abashidze]: GL is complete with respect to Q w.r.t.
the interval topology and Q > w¥

> [Blass] Completeness of GL is independent of ZFC for ordinal
spaces w.r.t. the club topology

» In particular, if V=L, then GL is complete w.r.t. the club
topology for any ordinal > X,

> [Beklemishev] If V=L, then GLB is complete w.r.t. interval
topology together with club topology for any ordinal > X,
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Topological Semantics for GLP,

» So why this talk?

» Club topology and beyond requires set-theoretical
assumptions.

» Beklemishev and Gabalaia's topologies are highly
non-constructive

» Icard’s topology is constructive but relies in its motivation and
completeness proof on descriptive frames for the closed
fragment

» In particular: does not extend to A where no frames are
known yet

» Our aim: a constructive definition with a purely topological
completeness proof.
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A topological topological completeness proof Soundness
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» Work in progress

» Desideratum: start with 7y the interval topology on some
ordinal Q

First idea, make 71 as tight as possible
For example, (1) T true exactly where
(0)"T true for any n € w

as GLB - (1) T — (0)"T

Which ordinals can that be?
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By le(a) we denote the exponent of the last term in the
Cantor Normal Form (CNF) expansion with base w of a.

For example, le(w® + w®) =5

Let X denote the entire space, that is, X = [1, x].
We define d“(X) for ordinals «

d°(X) = X
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» By le(a) we denote the exponent of the last term in the
Cantor Normal Form (CNF) expansion with base w of a.

For example, le(w® + w®) =5

Let X denote the entire space, that is, X = [1, x].
We define d“(X) for ordinals «

d°(X) = X

d**H(X) = d(d*(X))

dMNX) = Naerd®(X) for limits A

Lemma

vV vV vV V. VY

o (X) = {x [ le(x) = a}
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GLB I (1)T — (0)"T
wE )T

w? = (0)(0)T

W = (0)"T

So, w* is the smallest point where (1) T can hold
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So, w* is the smallest point where (1) T can hold
Moreover, each {w"} should be open in 71

First idea, try the first topology that accomplishes this

vV vV vV VvV vV v VY
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» The smallest possible modification of 7/ that leaves the
accumulation points invariant works for our construction

> = U{{xxt+wi|lacA&x;€ A} | ACSucc & A’ C
On}

Joost J. Joosten Ordinal spaces for GLB?



The main ideas
Worms

A topological topological completeness proof Soundness
Completeness

» 71 := 710 U{{a} | le(a) € Succ} where Succ does so

» However, with this definition of 7{ one can never prove
(0)a — [1(0)er.

» The smallest possible modification of 7/ that leaves the
accumulation points invariant works for our construction

> = U{{xxt+wi|lacA&x;€ A} | ACSucc & A’ C
On}

Y denotes the closure of Y in 7

v
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» Modal formulas that consist only of T preceded by a (possibly
empty) sequence of consistency operators are called worms.

» We often write binary words aga; . .. a, instead of
<ao><81> e <a,,>T

» The set of worms/words is denoted by S and the empty word
is denoted by e.

» Theorem Every closed formula of GLB is equivalent to a
boolean combination of worms
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It turns out that, modulo provable equivalence in GLB, the
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» Define <;on Sbya<; 8 < GLBF 8 — (i)a for i € {0,1}
It turns out that, modulo provable equivalence in GLB, the
order <g defines a well-order of type w®

We can define an isomorphism o
0:S5 —w¥
o(Qm1m . 0M1"M) =w™ +m;+ ...+ w™ + mg for nj >0

and o(0™) =m

vV v v Y
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Theorem ([1, k], 79, 71) is sound for GLBy.
Proof By induction on a proof in GLB

We concentrate on the axioms

As both 79 and 7y are scattered they validate GL

vV v v v .Y

Because 79 C 71 we have [0]p — [1]¢p.

Joost J. Joosten Ordinal spaces for GLB?



The main ideas
Worms

A topological topological completeness proof Soundness
Completeness

Theorem ([1, k], 79, 71) is sound for GLBy.
Proof By induction on a proof in GLB

We concentrate on the axioms

As both 79 and 7y are scattered they validate GL
Because 79 C 71 we have [0]p — [1]¢p.
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Remaining axiom: (0)¢ — [1](0)¢.
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» If o is some worm

» we denote by d(a, X) its topological interpretation
> d(e, X) =X

> d(ia, X) = di(d(c, X))
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If @ is some worm

we denote by d(«, X) its topological interpretation
d(e,X) =X

d(ic, X) = di(d(a, X))

Main Lemma

vV v . v. v Y

do, X) = {x+w’®|GLBF 3 — a & x € On}
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If @ is some worm

we denote by d(«, X) its topological interpretation
d(e,X) =X

d(ic, X) = di(d(a, X))

Main Lemma

vV v . v. v Y

do, X) = {x+w’®|GLBF 3 — a & x € On}

» Proof: with hand and feet, case distinctions, etc

» no general insights yet
» Corollary d(0a, X) = d2®(X)
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Remaining axiom: (0)a — [1](0)a.

(0)¢ is equivalent to a Boolean combination of words
even to a disjunction of worms starting with (0)
Thus we only need to see (using previous corollary)
{x | le(x) = o(a) + 1} € di({x | le(x) = o(a) + 1})

vV v v v .Y
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Worms
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Remaining axiom: (0)a — [1](0)a.

(0)¢ is equivalent to a Boolean combination of words
even to a disjunction of worms starting with (0)
Thus we only need to see (using previous corollary)
{x | le(x) = o(a) + 1} € di({x | le(x) = o(a) + 1})

Which is a relatively easy exercise

vV v v v v Y
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Completeness is relatively easy
If GLB ¥ ¢, and GLB ¥ —pthen
GLB F (1)"T — — for some n

Thus, if we have points in our model where (1)"T holds
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Completeness is relatively easy

If GLB ¥ ¢, and GLB ¥ —pthen

GLB F (1)"T — — for some n

Thus, if we have points in our model where (1)"T holds

we are done

vV v vV v v Y

Main lemma says (1)"T holds at ordinals ending at w*"
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Completeness is relatively easy

If GLB ¥ ¢, and GLB ¥ —pthen

GLB F (1)"T — — for some n

Thus, if we have points in our model where (1)"T holds
we are done

Main lemma says (1)"T holds at ordinals ending at w*"

vV vV vV vV VvV VY
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Thus w*" suffices for completeness
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Completeness is relatively easy

If GLB ¥ ¢, and GLB ¥ —pthen

GLB F (1)"T — — for some n

Thus, if we have points in our model where (1)"T holds
we are done

Main lemma says (1)"T holds at ordinals ending at w*"

w .
Thus w*" suffices for completeness

vV vV vV VvV vV v VY

Theorem ([1, k], 79, 71) is sound and complete for GLBg
whenever k > w*”
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On}
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> = U{{xxt+wi|lacA&x;€ A} | ACSucc & A’ C
On}

» Y denotes the closure of Y in g

> 7y =1 U{{xa+ w0 |0 €T & x, EA} | TCS&AC
On}

» Main Lemma

dlo, X) = {x+w°?® |GLBF 3 — a & x € On}
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A natural generalization

Kripke Semantics

Wormshop
Future work L

> = U{{xxt+wi|lacA&x;€ A} | ACSucc & A’ C
On}

> Y denotes the closure of Y in 7

> 7y =1 U{{xa+ w0 |0 €T & x, EA} | TCS&AC
On}

» Main Lemma

do, X) = {x+w’®|GLBF 3 — a & x € On}
» Only one inclusion missing to finish the entire proof
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Kripke Semantics

Wormshop

Future work

» GLP, is Kripke incomplete (w.r.t. canonical frames) for A > 2

» The closed fragment GLPR does have natural Kripke
structures for A < w (Ignatiev)

» New result (Fernandez, Joosten): this also holds for A > w

» Apply Icard’s technique to this frame
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» First International Wormshop

» Barcelona, April 16-20, 2011

» Contact one of the organizers: Joost J. Joosten, Lev D.
Beklemishev, David Ferndndez-Duque, Joan Bagaria, Felix
Bou

> http://www.phil.uu.nl/~jjoosten /Wormshop
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Kripke Semantics

Wormshop

Future work

v

First International Wormshop
Barcelona, April 16-20, 2011

Contact one of the organizers: Joost J. Joosten, Lev D.
Beklemishev, David Ferndndez-Duque, Joan Bagaria, Felix
Bou

http://www.phil.uu.nl/~jjoosten /Wormshop

v

v

v

v

Google on "Wormshop”
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A natural generalization
Kripke Semantics

Future work loin=hop)

» First International Wormshop
» Barcelona, April 16-20, 2011

» Contact one of the organizers: Joost J. Joosten, Lev D.
Beklemishev, David Ferndndez-Duque, Joan Bagaria, Felix
Bou

> http://www.phil.uu.nl/~jjoosten /Wormshop
» Google on "Wormshop”

» Thank you
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