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1 Introduction

⊳ Diagrams& figures usefulin science& everyday life

Graphs& diagrams visualization

• Computing automata, Petri nets, flowcharts

• Foundationsof Mathematics categories, allegories

• Engineering/Architecture wiring diagrams, blueprints

• Metro journey diagramof lines

 Venn diagrams

heuristic appeal notproofs ∴ compile

♥ Graph manipulations

precise syntax& semantics ∴ proof methods
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Formulas traditionally written downon asingle line

 Notations economyvs. visualization

1. Polishprefix (parenthesis-free) →∧pq∨ rs

2. usual (with parentheses) (p∧q) → (r∨s)

3. two-dimensional




p

∧

q


 →




r

∨

s
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♥ Graph calculi 2-dimensional notation& nodes

⊳ Drawingsfor relations natural idea

a relatedto b via relation R arc a
R
→ b

Operationson relations simple manipulationson arrows

• Boleanintersection∩ parallelarcs

• PeirceantransposalT arrowreversal

• Peirceanrelative product (composition)| consecutivearcs

∞ Reasonaboutrelations manipulatetheir representations

∠ visual appeal 2-dimensionalmanipulations

5



Overview

⊳ Goal-orientation P ⊆ Q iff P ∩ Q ⊆ /0

♥ Reductions equivalentobjects

1. Represent termP∩ Q by sliceS ∴ goal S ⊆ /0

2. ConvertsliceS to graphG ∴ goal G ⊆ /0

3. ExpandgraphG to H ∴ goal H ⊆ /0

∞ (Correctness) Basic graphH: H ⊆ /0 iff H inconsistent
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⊲ Relational terms generated





from relation names

by relational operations

⊲ Peirceanoperations 2-ary relations over setM

(0) Constants

(II) Identity (diagonal) IM := {(a,b) ∈M2/a = b}

(ID) Diversity IM˜:= {(a,b) ∈M2/a 6= b}

(1) Unary operation

(⌣) TranspositionT (reversal) RT := {(a,b) ∈M2/(b,a) ∈ R}

(2) Binary operations

(;) Relative product| (composition)

P |Q := {(a,b) ∈M2/∃c ∈M [(a,c) ∈ P∧ (c,b) ∈Q]}

(;) Relative sum|
P|Q := {(a,b) ∈M2/∀c ∈M [(a,c) ∈ P∨ (c,b) ∈Q]}
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2 Slices

♥ Slice graphical representation

→x y→

P
((

Q

66 term




P

⊓

Q




parallelarcs intersection∩

⊲ SliceS





finite setsof





nodes

labeledarcs

2 distinguished nodes: I/O→
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Sliceexample

 Establishr⌣;r;s⊑ s

⊳ Reducer⌣;r;s⊑ s to




r⌣;r;s

⊓

s


 ⊑ I⊥

(∩) SliceS0 parallelarcs∩

→x y→

r⌣; r;s
((

s

66
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( ) Eliminatedouble complement s≡ s

S0

→x y→

r⌣; r;s
((

s

66 ≡ →x y→

r⌣; r;s
((

s

66

S1
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(;) Eliminaterelative product consecutivearcs

newintermediate node

S1

→x y→

r⌣; r;s
((

s

66 ≡ →x y→

z
r⌣

::
r;s

$$

s
55

S2

(a,b) ∈ P;Q ⇔ ∃c




(a,c) ∈ P

∧

(c,b) ∈Q
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(⌣) Eliminateconverse invert arrow: x
r⌣
→z≡ x

r
←z

S2

→x y→

z
r⌣

::
r;s

$$

s
55

≡ →x y→

z
r

zz

r;s
$$

s
55

S3

(a,c) ∈ R⌣ ⇔ (c,a) ∈ R
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(;) Eliminatecomplemented relative productlabel: complemented slice

S3 →x y→

z
r

zz

r;s
$$

s
55

|||

S4 →x y→

z
r

zz

→z′
r
→ x′

s
→ y′ →

$$

s
55
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(⊥) SliceS4 inconsistent

Parallelpaths: from z to y

x y

z
r

zz

s

66 y

z →z′
r
→ x′

s
→ y′ →

$$

termr;s termr;s

r;s∩ r;s = /0
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⊲ Sliceconcepts

1. Morphism node mappingpreservingarcs

2. Zero slice parallelincompatiblepaths

 SliceS with embeddedsliceT

w

R

��

t

��?
??

??
??

?

→x P // u

s
??��������

T

// v
Q // y→

T := →x′
s // w′

R // w′′
t // y′ →
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Node mappingθ : NT 99K NS preservesarcs

→x′
s //

θ

��2
2

2
2

2
2

2
2 w′

R //

θ   A
A

A
A w′′

t //

θ~~|
|

|
|

y′ →

θ

���
�

�
�

�
�

�

w

R

��

t

!!C
CC

CC
CC

C

→x P // u

r
==||||||||

T

// v
Q // y→

Parallelpathsfrom u to v incompatible

SliceS zero not satisfiable
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3 Graphs

♥ Alternativeslices for ∪, /0

⊲ Graph finite setof alternativeslices

→x
P⊔Q
−→ y→ ≡





→x
P
→ y→ ,

→x
Q
→ y→





2 alternativeslices

→x
I⊥
→ y→ ≡

{ }
0 alternativeslices
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Graphexample

 Establishr;(s†t)⊑ (r;s)†t

⊳ Reducer;(s†t)⊑ (r;s)†t to




r;(s†t)

⊓

(r;s)†t


 ⊑ I⊥

(∩) DifferencesliceDS(r;(s†t)\(r;s)†t) parallelarcs∩

→x y→

r;(s†t)
((

(r;s)†t

66
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(⊲∗) Eliminateoperations butcomplement

→x

T1
��

r // u

T2
��

v
t
// y→

Arc labels complementedslices

T1 := →x1
r
→ u1

s
→ v1→

T2 := →u2
s
→ v2

t
→ y2→

19



(∪) Expand graphG: 2 alternativeslicesT+ & T−

T+ T−

→x

T1

��

r // u

T2
��

s��
��

����
��

v
t
// y→

→x

T1

��

r // u

T2
��

s��
��

����
��

v
t
// y→

Equivalent alternativepathsfrom u to v s∪ s= M2
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(⊥) Zerograph inconsistent slicesT+ & T−

T+ Parallelpathsfrom x to v: r;s r;s

x

→x1
r
→ u1

s
→ v1→

��

r // u

T2
��

s�
��

�

����
��

v
t

// y

T− Parallelpathsfrom u to y: s;t s;t

x

T1

��

r // u

→u2
s
→ v2

t
→ y2→

��
s
��

��

����
��

v
t

// y

21



Gluing ontosliceS slice& graph

♥ Gluing of slices additionof slice-labelarc S + u
T
→ v

→ xS u

S

← yS v

II
←

II
←

xT

T

yT

eliminateII arcs

⊳ Eliminatearcw IIz from sliceS rename wto z w (or z to w) in S

∠ Gluing S
u
vT ≡ S + u

T
→ v pushout
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 SlicesS & T

S := →x
R
→ u

s
→ v

t
→ y→ T :=

↓↑
w

z

Q
==

P
||

Glued sliceS u
vT identify u,v to w

S
u
vT = →x R // w

s

��

P
��

t // y→

z

Q

OO

⊲ Glued graph glued slices S
u
vH := {S u

vT/T ∈ H}
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4 Graph Calculus

⊲ Labels

Labels generated





from





relation names

slices& graphs

by relational operations

⊲ Basic objects

Basic: labels





relation name or

complementof basic slice

24



⊲ Label derivations

Rules





Conversion





Operational relational operations

Structural arc labels

Expansion alternatives

∞ Valid label inclusion L⊑ I⊥ iff L ⊢ H H: zero graph

⊲ Normal linear derivation L Cnv∗ G Exp∗ H

1. Convertlabel L to graphG e.g.basicform

2. ExpandgraphG to zero graphH binaryexpansion
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♥ Operationalrules label ⊲ graph any context

• Meaningof operation butcomplement givenby graph

• Double complement L ≡ L

∠ Operationalrules

• eliminaterelational operations butcomplement

• may introduceslicesor graphswithin labels

♥ Structuralrules arclabels

• Addition of graph-labelarc gluedgraph

• Labelvs. slice L ≡ →x
L
→ y→

• de Morgan laws complementof ∪, complementof ∩

⊲⊳ Conversion L ⊲∗ Lbs

EverylabelL convertibleto anequivalentbasicgraphLbs
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⊲ Expansionrule replaceS by copiesS u
vT & S + uTv

(Exp)
{S}

{S u
vT , S + uTv}

(u,v) ∈ NS
2

♦ Label inclusion L⊑ I⊥ valid iff normal linear derivation

L Cnv∗ G Exp∗ H zero graph

⊳

1. Convertlabel L to (basic) graphG finite process

2. ExpandgraphG to zero graphH unboundedsearch
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5 Conclusion

1. Complement (-)difficult to handle (+)goal-orientation

2. Goal-orientation derivezerograph

3. Graph language more expressive: labels(embedding)

• easy one single object

• simple concepts morphism

• Extensionto hypotheses erasing

4. Generalize:labelsto n-labels first-order predicate logic

⌣
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A Details

1. Language

(a) Syntax objects

(b) Semantics meaning

(c) Concepts morhism, zero, basic

(d) Constructions gluing, transformations(graph↔ slice)

2. Calculus

(a) Conversion labelto basic graph

(b) Expansion (basic) sliceto (basic) graph

(c) Correctness sound& complete

3. Hypotheses

(a) Semantics consequence

(b) Rule erase slice
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⊳ Constants& operations square relational interpretation

Arity Symbol Interpretation

0 r arbitrary relation over setM

I⊥ emptyrelation /0

I⊤ universalrelation squareM2 := M×M

II identity relation diagonal IM

ID diversityrelation IM˜
1 Booleancomplementatioñ R̃ := M2\R

⌣ PeirceantranspositionT

2 ⊓ Booleanintersection∩

⊔ Booleanunion∪

; Peirceanrelative product|

† Peirceanrelative sum|
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∠ Constants& operations language interpretation(regular expressions)

Arity Symbol Interpretation

0 r arbitrary language over alphabetA

I⊥ emptylanguage /0

I⊤ universallanguage A∗

II null-word language Λ := {λ}

ID non-null language A+ := {w ∈ A∗ /w 6= λ}

1 Languagecomplementatioñ L̃ := A∗ \L
⌣ Languagereversalrv Lrv := {wrv ∈ A∗ /w ∈ L}

2 ⊓ Languageintersection∩

⊔ Languageunion∪

; Lang.concatenation· P ·Q := {u · v ∈ A∗ /u ∈ P∧ v ∈ Q}

† Lang.co-concatenation· P · Q := (P̃ · Q̃ )̃
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A.1 Language

Denumerably infinite sets





Rn: relation names

INd: nodes (alphabetical order: x,y,z, . . . )

⊲ Syntax mutual recursion

(L) Labels: generatedfrom


 relation names

slices, graphs


 by relational operations

(a) Arc: triple uL v u,v: nodes,L: label

(Σ) Sketch Σ = 〈N,A〉 setsN: nodes& A: arcs

(D) Draft D= 〈N,A〉 finite sketch

(S) Slice S= 〈N,A : xS,yS〉





underlying draftS= 〈N,A〉

input, output xS,yS: nodes

(G) Graph G: finite setof slices
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(⊑) Label inclusion L⊑K pair of labels

(\) Difference slice DS(L\K) parallelarcs

→x y→

L
&&

K

88

⊲ Morphism θ : Σ′ 99K Σ′′ node mappingpreservingarcs

Nodes Arcs

N ′ uLv ∈ A′

↓ θ ⇓

N ′′ uθ Lvθ ∈ A′′

⊳ Setof morphisms Mor[Σ′,Σ′′]

33



♥ Meaning

labels,slices& graphs denote 2-ary relations

arcs, sketches& drafts represent restrictions

 Pair(a,b) satisfiesarcurv pair (a,b) in relationof r (of model)

∠ Semantics

• Model: relation name7→ 2-ary relation M= 〈M,(rM)r∈Rn〉

• Assignment g : N→M w ∈ N 7→ wg ∈M

⊳ ModelM relational term r7→ 2-ary relation rM⊆M2

34



⊲ Behavior mutual recursion

(L) Relation of label [L]
M
⊆M2 concrete versionsof operations

e.g. [r]
M

:= rM, [L⌣]
M

:=[L]
M

T, [L;K ]
M

:=[L]
M
| [K]

M

(a) Satisfaction of arcu
L
→ v (ug,vg) ∈ [L]

M
(with u,v ∈ N)

(Σ) Satisfaction of sketchΣ g : Σ→M ⇔ g satisfies allarcsof Σ

(S) Extension of slice [[S]]M

valuesof I/O for assignmentssatisfying underlyingdraft

[[S]]M := {(xS
g,yS

g) ∈M2/g : S→M}

(G) Extension of graph [[G]]M :=
⋃

S∈G [[S]]M

35



⊲ Label inclusion& equivalence

(M) holds M |= L⊑K ⇔ [L]
M
⊆ [K]

M

(|=) valid |= L⊑K ⇔ M |= L⊑K (∀M)

(⊥) Null labelL ⇔ L⊑ I⊥ valid

(≡) Equivalent labels L≡K ⇔ L⊑K & K⊑L valid
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Concepts

⊲ Zero sketch not satisfiable

→ xT

T

← yT

θ
99K

xTθ

yTθ

T
xx

︸ ︷︷ ︸
Σ

⊲ Zero slice& graph emptyextension

(S) SliceT is zero ⇔ underlying draftT is zerosketch

(G) GraphH is zero ⇔ all its slicesT ∈ H arezeroslices
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⊲ Basic labels, arcs, sketches, slices& graphs mutual recursion

(L) LabelL is basic ⇔ L is





relation name or

complementof basic slice(cf. below)

(a) Arc u
L
→ v is basic ⇔ its labelL is basic label

Basicsketches, slices& graphs only basic arcs

(Σ) SketchΣ = 〈N,A〉 is basic ⇔ all its arcsa ∈ A arebasic arcs

(S) SliceS= 〈S : xS,yS〉 is basic ⇔ underlying draftS is basic sketch

(G) GraphG is basic ⇔ all its slicesS ∈ G arebasic slices
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Constructions

⊲ Gluingsliceontodraft: Du
vT pushoutDu

vT

D + {u,v}
α
ր

σ
ց

→x y← PO D
u
vT

β
ց

τ
ր

T

⊲ Gluing ontosliceS slice& graph

1. sliceT transfer I/O S
u
vT :=〈Su

vT : xTσ,yTσ〉

2. graphH glued slices S
u
vH := {Su

vT/T ∈ H}

39



 SlicesS & T′, T′′

S := →x
R
→ u

s
→ v

t
→ y→

T′ := →w
P
→ z→ T′′ :=

↓↑
w

z

Q
==

P
||

Glued sliceS u
vT
′ identify w to u, z to v

S
u
vT
′ = →x u v y→R //

s
��

P

BB
t //
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Glued sliceS u
vT
′′ identify u,v to w

S
u
vT
′′ = →x R // w

s

��

P
��

t // y→

z

Q

OO

Glued sliceS x
yT
′′ identify I/O

S
x
yT
′′ = →

←w

u

z v

R
77

s

��

t
gg

P
  

Q

^^
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⊲ Transformations graph↔ slice

• Sliceof graphSl[G]:=〈{x,y},{x
S
→ y/S ∈ G} : x,y〉 parallelarcs

 Graph{S,T} 7→ slice →x y→

S
""

T

<<

• Graphof sliceGr(S) 1-arc complemented labelslice, for each arc

 Slice →x

t

�� r //
y→

s
oo 7→ graph





→x
r
→ y→ ,

→x
s
← y→ ,

→

t
	
x y→





⊲ Slice is small ⇔ nodes: input, output

⋊⋉ SmallsliceS equivalence {S} ≡ Gr(S)
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A.2 Calculus

⊲ Operationalrules label ⊲ graph any context

Constants BooleanI⊥, I⊤ & PeirceanII, ID

(I⊥) I⊥ ⊲
{ }

I⊥ ≡ emptygraph

(I⊤) I⊤ ⊲
{
→x y→

}
I⊤ ≡

2-node arclessslice

〈{x,y}, /0 : x,y〉

(II) II ⊲

{
→x→

}
II ≡

1-node arclessslice

→x→

(ID) ID ⊲



 →x y→

→x→
//



 ID≡ II (2-node 1-arcslice)
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Booleanoperations unary & binary⊓,⊔

( ) L ⊲ L L ≡ L

(⊓) L⊓K ⊲





→x y→

L
((

K
66





parallelarcs: L & K

(⊔) L⊔K ⊲




→x

L
→ y→ ,

→x
K
→ y→



 alternativeslices: L & K
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Peirceanoperations unary⌣ & binary ;,†

(⌣) L⌣ ⊲

{
→x

L
← y→

}
reversedarrow

(;) L;K ⊲
{
→x

L
→ z

K
→ y→

} consecutivearcs

L thenK

(†) L†K ⊲





→x y→
→x

L
→ z

K
→ y→

//



 L†K ≡ L;K
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Summary operations arity: 0, 1

(I⊥) I⊥ ⊲
{ }

empty graph

(I⊤) I⊤ ⊲ {〈{x,y}, /0 : x,y〉}
2-node arcless slice

→x y→

(II) II ⊲ {〈{x}, /0 : x,x〉}
1-node arcless slice

→x→

(ID) ID ⊲ {〈{x,y},{〈{x}, /0 : x,x〉} : x,y〉}

2-node 1-arc slice

→x y→
→x→

//

( ) L ⊲ L replaceL by L

(⌣) L⌣ ⊲ {〈{x,y},{yLx} : x,y〉}
reversed-arc slice

→x
L
← y→
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Summary operations arity: 2

(⊓) L⊓K ⊲ {〈{x,y},{xLy,xKy} : x,y〉}

parallel-arc slice:

→x y→

L
((

K
66

(⊔) L⊔K ⊲




〈{x,y},{xLy} : x,y〉 ,

〈{x,y},{xKy} : x,y〉





alternative slices:

→x
L
→ y→

→x
K
→ y→

(;) L;K ⊲ {Sl(L→K)}
consecutive-arc slice:

→x
L
→ z

K
→ y→

(†) L†K ⊲ {〈{x,y},{xSl(L→K)y} : x,y〉}
complemented label:

→x
L
→ z

K
→ y→
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∠ Operationalrules compositelabels ⊲∗ graphs

 Termr;s⊓t graphG

r ;s⊓t
(;)
⊲

{
→x

r
→ z

s⊓t
→ y→

}

(⊓)
⊲



 →x zr // y→





→x y→

s
##

t

;;





//





︸ ︷︷ ︸
G
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⊲ Structuralrules arclabels

(
∪
→) {S + uHv} ⊲ S

u
vH replacegraphlabelby gluedslices

(G) G ⊲ {Sl[G]} replacecomplementedgraphby slice

(S) smallS: {S} ⊲ Gr(S) move inside smallslice

(r) r ⊲ →x
r
→ y→ replacelabelr by complementedslice

⋊⋉ Derivedstructuralrule replacecompl.graphlabelby compl.slices

(
∪
→) {S + uHv} ⊲ {S + {uTv/T ∈ H}} replace

u
H
→ v by

{u
T
→ v/T ∈ H}

49



 GraphG (cont’d)


 →x zr // y→





→x y→

s
##

t

;;





//





(
∪
→)
⊲




→x

r
→ z

s
→ y→

→x
r
→ z

t
→ y→





(r)
⊲





→x
r
→ z

→x
s
→ y→

// y→ ,

→x
r
→ z

→x
t
→ y→

// y→
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⊳ Derivedstructuralrule (
∪
→) rules(∪) & (

∪
→)





S+ u v





T1

...

Tn





//





(∪)
⊲



 S+ u v

→x y→...

T1
&&

Tn

99

//





(
∪
→)
⊲





S +

u
T1−→ v

...

u
Tn−→ v
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♥ Completeness

1. Familyof zero slices Z0

2. Familyof eventually zero slices: S ∈ Z ∗ ⇔ S Exp∗ H ⊆ Z0

3. Familyof non-eventually zero slices: S ∈ Z∞ ⇔ S 6∈ Z ∗

⊳ If G⊆ Z ∗ then G≡ I⊥

⋊⋉ If S ∈ Z∞ then S
u
vT ∈ Z∞ or S + uTv ∈ Z∞

Chain of slices S ∈ Z∞ S0 := S

S0
ϕ0
→ S1 . . .

ϕn
→ Sn+1 underlying drafts Sn ∈ Z∞

Co-limit sketchΣ counter-modelC [[S]]C 6= /0

⊲⊳ If G 6⊆ Z ∗ then [[G]]C 6= /0
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⊲ ModelM= 〈M,(rM)r∈Rn〉 natural for sketchΣ = 〈NΣ,AΣ〉

M = N rM = {(w,z) ∈M2/wr z∈ A}

⋊⋉ Discrimination assignments& morphisms natural modelC for sketchΣ

Basic draftD with ES[D]⊆ ES[Σ] g : D→ C iff g : D 99K Σ

⊳ Induction onrk(D) ∈ IN

⊲ Basic objects:rank andset of embedded slices structural measure

(r) r ∈ Rn: rk(r) := 0 ES[r] := /0

( ) compl. slice: rk(T) := rk(T)+1 ES[T] := ES[T]∪{T}

(a) arc: rk(uL v) := rk(L) ES[uL v] := ES[L]

(D) draft: rk(D) := ∑a∈AD
rk(a)

(Σ) sketch: ES[Σ] :=
⋃
a∈AΣ ES[a]

(S) slice: rk(S) := rk(S) ES[S] := ES[S]
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A.3 Hypotheses

 r⊑s⇒ r;t⊑s;t iff




r

⊓

s


⊑I⊥ ⇒




r;t

⊓

s;t


⊑I⊥

0. Hypothesisr⊑s 7→ diff. sliceDS(r\s) ⊲∗ basic graph{S′}

S′

→x y→

r
&&

s

88
⊲∗ →x y→

r
((

→x′
s
−→ y′→

66
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1. DifferencesliceDS(r;t\s;t) convertsto basic slice:

S1 := →x

y→

z

→x1
s
→ z1

t
→ y1→ ��

r //

t

��
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2. Expand{S1} to graphH= {S+,S−} with T := →x
s
→ y→

S+ := →x

y→

z

→x1
s
→ z1

t
→ y1→ ��

s
''

r
77

t

��

S− := →x

y→

z

→x1
s
→ z1

t
→ y1→ ��

→x′
s
→ y′ →

''
r

77

t

��
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∠ GraphH= {S+,S−} {S′}-erasable

• SliceS+ parallelpathsfrom x to y: terms s;t& s;t ∴ zero

• SliceS− morphismθ : S′ 99K S− with x 7→ x,y 7→ z ∴ erasable

∴

GraphH has empty extensionin any model

wherer⊓shas empty extension

i. e.

hypothesisr ⊑ sholds︸ ︷︷ ︸
[r]

M
⊆ [s]

M

⇒ inclusionr;t ⊑ s;t holds︸ ︷︷ ︸
[r;t]

M
⊆ [s;t]

M
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⊲ Models& consequences

1. InclusionL⊑K Mod(L⊑K) modelswhere[L]
M
⊆ [K]

M

2. SetΛ of inclusions Mod(Λ) :=
⋂

L′⊑K′∈Λ Mod(L′⊑K′)

3. L⊑K follows from Λ Λ |= L⊑K ⇔ Mod(Λ)⊆Mod(L⊑K)

⊲ SliceS is Γ-erasable ⇔ Mor[S′,S] 6= /0 for someS′ ∈ Γ

⊲ Rule for hypothesis can eraseΓ-erasableslice

(Hyp[Γ])
{S}

{ }
if sliceS is Γ-erasable

♦ Basic graphG, setΓ of basic slices Λ[Γ] := {S′⊑ I⊥/S′ ∈ Γ}

Λ[Γ] |= G⊑ I⊥ G⊑ I⊥ follows from Λ[Γ] iff

G ⊢(Exp∪Hyp[Γ]) H H : zero graph iff

G ⊢(Exp) H′ H′ : zeroor Γ-erasable graph
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