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1 Introduction

Diagrams& figures usefulin science everyday life

Graphs& diagrams visualization
e Computing automata, Petri nets, flowcharts
e Foundation®f Mathematics categories, allegories
e Engineering/Architecture wiring diagrams, blueprints

e Metro journey diagranof lines
~» \Venn diagrams
heuristic appeal not proofs compile

" Graph manipulations

precise syntaX semantics proof methods




Formulas traditionally written dowaon asingle line

Notations economws. visualization

. Polishprefix (parenthesis-free) — APQV IS

. usual with parentheses) (pAQ) — (rvs)

. two-dimensional




( Graph calculi 2-dimensional notati@nnodes

Drawingsfor relations natural idea

arelatedto b viarelation R arc a B> b

Operation®onrelations simple manipulationsn arrows
e Boleanintersectiom parallelarcs
e Peirceartransposal arrowreversal

e Peircearrelative product (composition) consecutivearcs

Reasoraboutrelations manipulateheir representations

visual appeal 2-dimensionalanipulations




Overview

Goal-orientation PCO ' PNQ C 0

(" Reductions equivalentobjects

1. Represent terr@ N Q by sliceS goal SC 0

2. ConvertsliceS to graphG goal GC 0O

3. ExpandgraphG toH goal HC 0

(Correctness) Basic grapt HCO Iff H inconsistent




from relation names

> Relational terms generated{

by relational operations

> Peircearoperations 2-ary relations over ddt

(0) Constants
(I) Identity (diagonal) Im == {(a,b) € M? /a=b}
(D) Diversity Iv "= {(a,b) € M? /a# b}
(1) Unary operation
(-) Transposition® (reversal) R':={(a,b) e M?/(b,a) € R}
(2) Binary operations
(;) Relative product (composition)
P|Q:={(a,b) e M?/3ce M](a,c) € PA(c,b) € Q]}
(;) Relative sum
PIQ:={(a,b)e M?/vVce M|(a,c) e PV (c,b) € QJ}




2 Slices

¢ Slice graphical representation

Q

parallelarcs intersectiom

o nodes
finite setsof

> SliceS | labeledarcs

2 distinguished nodes: I/Q

\




Sliceexample

~ Establishr—:r’SC S

(N) SliceSg parallelarcsn




(=) Eliminatedouble complement




(;) Eliminaterelative product consecutivercs

newintermediate node




.. : r— I
(-) Eliminateconverse Invertarrow: X—z =x<+1z




;) Eliminatecomplemented relative productlabel: complemented slice




(L) SliceS4 Inconsistent

Parallelpaths fromztoy

termr;S




> Sliceconcepts

1. Morphism node mappingpreservingarcs

2. Zero slice parallelincompatiblepaths

~ SliceS with embeddedlice T
R

P
— X u

®
W

N\
- V Q y_>

T

L - -1

S R t

Ti=,x——wW—w—>Y-




Node mappind : Nt --» Ng preservesircs

Parallelpathsfromuto v Incompatible

SliceS zero not satisfiable




3 Graphs

O  Alternativeslices for U, 0

> Graph finite setof alternativeslices

2 alternativeslices

0 alternativeslices




Graphexample

~» Establishr;(stt) C (r;s)ft

Reducer;(sTt) C (r;s)tt

(N) Differenceslice DS(r;(sTt)\ (r;s) Tt) parallelarcsn
r; (st




(>*) Eliminateoperations _butomplement

Arc labels complementedlices




(U) Expand graphG: 2 alternativeslicesT, & T_

T,

X — U —+X—U

S S w

.

S| . | L - -

J Y

t t

Equivalent alternativepathsfrom u to v




(L) Zerograph Inconsistent slicesT, & T_

T, Parallelpathsfrom x to v: ' S




Gluing ontosliceS slice& graph

 Gluing of slices additionof slice-labelarc S+u I> Vv

eliminatel arcs

Eliminatearcw| z from sliceS rename Wwo z W (or ztow) in S

Gluing SyT=S+u L Y pushout




~ SlicesS& T

| W
- o)

identify u,v tow

> Glued graph glued slices SgH:={S{T/T e H}




4 Graph Calculus

> Labels

relation names
from

Labels generated slices& graphs

| by relational operations

> Basic objects

relation name or
Basic: label

complemenbf basic slice



> Label derivations

_ Operational relational operations
Conversion

Structural arc labels

| Expansion alternatives

Valid label inclusion LC L ' L - H H:zerograph

> Normal linear derivation L Cnv* G Exp* H

1. Convertlabel Lto graphG e.g.basicform

2. ExpandgraphG to zero grapi binary expansion




(V' Operationarules label > graph any context

e Meaningof operation butomplement givenby graph

e Double complement

Operationafules
e eliminaterelational operations butomplement

e may introduceslicesor graphswithin labels

¢ Structuralrules arclabels

e Addition of graphlabelarc gluedgraph

e Labelvs. slice L = X 5 VAR

e de Morgan laws complement U, complemenbf N

>1  Conversion L >* LPs

EverylabelL convertibleto anequivalentbasicgraphL®s




> Expansiorrule replaceS by copiesSyT & S+ uTv

{S} 5
X — N
(Exp) [SUT.S + uTv) (U,v) € Ns

{> Label inclusion LC 1 valid Iff normal linear derivation

L Cnv® G Exp" H zerograph

1. Convertlabel Lto (basic) graplG finite process

2. ExpandgraphG to zero grapH unboundedearch




5 Conclusion

. Complement (-flifficult to handle (+)goal-orientation
. Goal-orientation derivezerograph

. Graph language more expressivdabels(embedding)
e casy one single object
e simple concepts morphism

e Extensiono hypotheses erasing

. Generalizelabelsto n-labels first-order predicate logic




A Detalls

1. Language
(a) Syntax objects
(b) Semantics meaning
(c) Concepts morhism, zero, basis

(d) Constructions gluing, transformatio@gaph< slice)

2. Calculus
(a) Conversion labeb basic graph

(b) Expansion (basic) sliae (basic) graph
(c) Correctness sourg&l complete

3. Hypotheses

(a) Semantics conseguence
(b) Rule erase slice




Constant® operations square relational interpretatio

Arity | Symbol | Interpretation

0 r arbitrary relation over sVl

L emptyrelation ()
-

universalrelation squareM? : =M x M

identity relation diagonally

~

diversityrelation Im

Booleancomplementation R :=M?\R

Peirceartransposition*

Booleanintersectiom
BooleanunionU
Peircearrelative product

Peircearrelative sum|




Constant® operations  language interpretatiofregular expressions)

Arity | Symbol | Interpretation

0 r arbitrary language over alphabt

emptylanguage 0

1
T

universallanguage A*
null-wordlanguage A :={A}
non-nulllanguage A" :={we A* /w#A}

Languagecomplementation L :=A*\L

Languageeversal®™ L™ :={w"V A" /wel}

Languageantersectiom

LanguageaunionU

Lang.concatenation P-Q:={u-ve A*/uePAveQ}
Lang.co-concatenation P.-Q:=(P-Q)"




A.l Language

e Rn: relation names
Denumerably infinite sets

INd: nodes (alphabetical order: y.z,...)

> Syntax mutual recursion

relation names _ _
(L) Labels. generatedrom by relational operations

slices graphs
(a) Arc: triple uLv u,v: nodesy : label
(%) > =(N,A setsN: nodes& A: arcs
(D) Draft D = (N,A) finite
(S) SiceS = (N.A: xs.ye) underlying draftS = (N, A)
Input, output Xs,Yys: nodes

(G) Graph G: finite setof slices




(C) Label inclusonL £K pair of labels

(\) Differencedlice DS(L\K) parallelarcs

> Morphism0:% --» %" node mappingreservingarcs
Nodes Arcs
N’ uLv e A
10 Y
N/ wLve e A

Setof morphisms




" Meaning

labels,sliceg graphs denote 2-ary relations
arcs, sketche& drafts represent restrictions

~» Pair(a,b) satisfiesarcurv pair (a,b) in relationof r (of model)

Semantics

e Model: relation name-s 2-ary relation M = (M, (r™);crn)

e Assignmentg:N — M weN—weeM

Model O relational term r— 2-ary relation ¥* C M?




> Behavior mutual recursion

(L) Relation of label L]gn € M? concrete versionsf operations

e.g. [Mon:=r" [L-lon = [Llon » [LiK]gy :=[Llone | Ko

(a) Satisfaction of arcu Ly (U8, ve) € [L]gy (withu,v € N)

(¥) Satisfaction of g:2—IM <«  gsatisfies albrcsof

(S) Extension of slice [S]lom

valuesof 1/O for assignmentsatisfying underlyingiraft
[STon = {(xs%,ys®) € M? /g S — 0}

(G) Extension of graph [Gllont := Usec [S]lom




> Label inclusion& equivalence

(M) holds M =LCK

(=) valid =LCK

(L) Null labellL

(=) Equivalent labels L=K

Lon © (Ko

MELCK (VM)

LC1 valid

LCK & KCL valid




Concepts

not satisfiable

> Zeroslice& graph emptyextension

(S) SliceT iszero underlying draftT is zero

(G) GraphH is zero all its slicesT € H arezeroslices




> Basic labels arcs sslices& graphs mutual recursion

_ relation name or
(L) LabelL isbasic < L is

complementf basic slicgcf. below)

(a) Arcu g V is basic its [abelL is basic label

Basic sslices& graphs only basic arcs
(2) 2 = (N,A) is basic & all its arcsa € A arebasic arcs
(S) SliceS = (S:xs,ys) isbasic < underlying draftS is

(G) GraphG is basic & all its slicesS € G arebasic slices




Constructions

> Gluingsliceontodraft DT pushoutDZ T

D + {u,v}
a
/!

B
N\

> GluingontosliceS slice& graph

1. sliceT transfer 1/0 SET:=(S5¢T :xr%,yr9)

2. graphH glued slices SgH:={S{T/T e H}




~s SlicesS & T/, T”

, W
" o)

identifywtou, ztov




Glued sliceS{T” identify u,v tow

SuT

Glued inceSBl;T” identify /O

X7/
SyT




> Transformations graph+ slice

e Sliceof graphSI[G]:=({x,y}, {x i y/SeG}t:xy) parallelarcs

~ Graph{S, T} slice —»X

e Graphof slice Gr(S) 1-arc complemented labslice for each arc

( T )
Q =X = Y—,
;
~ Slice —X T Y- graph<
S

S
—X — Y-,

O
— X Y-

\

> Sliceis small =3 nodes: input, output

x SmallsliceS equivalence S} = Gr(S)




A.2 Calculus

> Operationatules

Constants

(JL)JLI>{ }

(T)TD{%X y—>}

(|)|>{—>X—>}

(D) D >

label > graph any context

Booleanl ,T & Peircear,D

1 = emptygraph

2-node arclesslice
({x,y},0:x,y)

T

. 1-node arclesslice

—X—=

D=1 (2-node 1-arslice




Booleanoperations unary & binaryri, L

O L>L

(M LMK > ¢ parallelarcs L & K

alternativeslices L & K




Peircearoperations unary & binary ;T

(ML > { X £ = } reversedarrow

consecutivercs

() LTK >




Summary operations arity: 0,

) L > { } empty graph

2-node arcless slice

M T > {{XY},0:xy)}

—X Y=

M 1> {{{x},0:x,x)} 1-node arcless slice

—X—=

2-node 1-arc slice

(D) D& (%YL UXE0XX) ) X, Y) )

o) L L replacel by L

reversed-arc slice

() L™ > {{Xy}{yLx} :x,y)}

L
—X<— Y-




Summary operations arity: 2

parallel-arc slice:

L

(M LK > {{{x,y},{xLy,xKy}:x,y)} L — vos

~_ 7
K

Xy HAXLY }ixY),
({5 Y)AXKY} i x,y)

L
—X =Y

} alternative slices:

(L) LUK > {

K
—X =Y

consecutive-arc slice:
;) LK > {SI(L-K)} L K
X —=Z =Y

complemented label:

(1) LTK > {{{x,y}, {XSI(L=K)y} :x,y)}

L _K
X —=Z—=>Y—




Operationalules compositéabels >* graphs

~ Termr;dt graphG

N
r:\st o




> Structuralrules arclabels

(=) {S+uHv} > S{H replacegraphlabelby gluedslices
(G) G > {SI[G]} replacecomplementedraphby slice

(S) smallS: {S} > Gr(S) move— inside smalklice

_ r _
MHr>-=X—=-y- replacdabelr by complementedlice

x Derivedstructuralrule replacecompl. graphlabelby compl. slices

B H
(=) {S+uHvV} > {S+ {uTv/TcH}} replace - v by

(Usv/TeH)
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V' Completeness
1. Familyof zero slices Z0
2. Familyof eventually zero slices: Sz, < S Exp" H C Zg
3. Familyof non-eventually zero slices: S € z, & S &z,

If G C z, then G=1L

M IfS € zq ST € Zew S+UTVE Ze

Chain of slices S € Zw So:=S

So @ Sy ... (Ilr; Sni1 underlying drafts  Sp € Zo

Co-limit sketchZ counter-mode& [S]l¢ #0

<1 If GZ z, then [G]le #0




> Modeldt = (M, (r™),crn) natural for sketchs = (N5, As)

M =N 7 ={(w,z) € M? /wrz c A}

X} Discrimination assignment& morphisms natural model for sketchZ
Basic draftD with ES|D] C ES[Z] g:D=>Ciff g:D--+ 2%

Induction onrk(D) € IN

> Basic objectsrank andset of embedded slices structural measure
(r) reRn:  rk(r):=0 ES[r]:=0

(-) compl. slice: rk(T):=rk(T)+1 ES[T]:=ES[T]U{T}

(a) arc:  rk(uLv):=rk(L) ES[uLV]:=ESIL]

(D) draft:  rk(D):=Yaca, rk(a)

(2) sketch: ES[Z]:=,ca, ES[a]

(S) slice:  rk(S):=rk(S)




A.3 Hypotheses

It
~ TCS=rtCs;t

S;t

0. HypothesisCs +—  diff. sliceDS(r\s) ©>* basic grapHS’}




1. Differenceslice DS(r;t\s;t) convertsto basic slice:




2. Expand{S;} tographH ={S,,S_} with T = X > y—

S+




GraphH ={S,,S_} {S'}-erasable
e SliceS, parallelpathsfromx toy: terms s;& s;t .. Zero

e SliceS.  morphismf:S --—»S_withx—Xx,y—2z . erasable

GraphH has empty extension any model
wherelTTS has empty extension

hypothesis C sholds = inclusionr;t C s;tholds

~~

"o < [S:Uan




> Models& consequences
1. InclusionL CK Mod(L CK) modelswhere|L |y, C [K]gy
2. SetA of inclusions Mod(A) := Ni/ckren Mod(L'CKY)
3. LCK followsfromA  AELCK < Mod(A) C Mod(LCK)

> SliceSisTl-erasable =3 Mor[S/,S] # O for someS’ € I’

> Rule for hypothesis can eraBeerasableslice

S}

(Hyp[l]) — If sliceS isl -erasable

{
17

{> Basic graphG, setl” of basic slices Al ={S'CL/S eTl}

Al EGCL GLC1 follows from A[l"]
G HEURT) 4 H: zero graph

G H(Exp) Y’ H’ . zeroor ['-erasable graph




