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General problem

Problem

Fix a functorv: A — S.

(1) Which objects, up to isomorphism, lie in the range of ¥ ?

(2) Given a lattice P, which P-indexed diagrams are equivalent
tovoAforsomeA: P— A?

@ A V-ifting of S € S is an object A € A such that W(A) = S.

@ A V-lifting of a diagram S:PSisa diagram A: P — S
suchthat Wo A= S,
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General problem

Assume that :

@ every object in S is a directed colimit of finitely presented
objects.

@ A has directed colimits and V preserves directed colimits.
@ every lattice-indexed diagram of finitely presented objects
in S has a V-lifting in A.
Then every object in S has a V-lifting in A.

Idea : Let S € S, take S with S = lim S, take A a W-lifting of S.
Set A = lim A.
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General problem

Assume that :

@ every object in S is a directed colimit of finitely presented
objects.

@ A has directed colimits and V preserves directed colimits.
@ every lattice-indexed diagram of finitely presented objects
in S has a V-lifting in A.
Then every object in S has a V-lifting in A.

Idea : Let S € S, take S with S = lim S, take A a W-lifting of S.
Set A= |i_>mZ\. Then :

W(A) = (lim A)
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@ We construct an object S in S, called a condensate of S.

Theorem (G. and Wehrung, 2010)

Assume there is no diagram A: P — A, with W o A=~ S. Then
there is no object A € A with W(A) = S.

Moreover, if our categories have cardinality-like notion, the
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@ Assume that all objects of Sare k-presented.

@ There is a cardinal x’, depending only on an infinite
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o LetVv: A — Sis a “nice” functor between “nice” categories.
@ Let P be a lattice, let S be a P-indexed diagram in S.
@ We construct an object S in S, called a condensate of S.

Theorem (G. and Wehrung, 2010)

Assume there is no diagram A: P — A, with W o A=~ S. Then
there is no object A € A with W(A) = S.

Moreover, if our categories have cardinality-like notion, the
cardinality of S is not too large.

@ Assume that all objects of Sare k-presented.

@ There is a cardinal x’, depending only on an infinite
combinatorial statement related to P and «, such that we
can choose S of cardinality .

e If P is finite, there is an integer n, such that " = ™. This
follows from a combinatorial theorem of Kuratowski.
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“Nice" categories and functors

@ Varieties of algebras are “nice” categories.

@ Denote Con¢ the functor that map an algebra to its
semilattice of finitely generated congruences. Then Cong is
a “nice” functor.

@ Denote by V the functor that map a ring to its non-stable
K-theory. Then V is a “nice” functor.

@ The theorem might be applied in case where there is no
apparent functor.

@ The categories of lattices with a congruence-preserving
extension is “nice”.

@ The forgetful functor (that forget the
congruence-preserving extension) is “nice”.

@ This theorem allows to find a lattice, of cardinality ¥4, with
no congruence-preserving extension.

@ We can also compare the ranges of two functors ¢: A — S
andV¥: B — S.
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General problem

@ How it work ?

@ Guess which objects are in the range of W. Change S to
the corresponding category.

@ The statements we want to study are now :

Problem

(1) Each objectin S has a V-lifting in A.

(2) For each lattice P, each P-indexed diagram SinS hasa
V-lifting in A.

@ In order to prove (1), we only need to prove (2) for
diagrams of small objects.

@ Or we prove (2) fails, and deduce the guess is wrong (i.e.
(1) fails).
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Boolean algebras

@ Denote by A the functor of 0, 1-chains. Denote by S the
category of Boolean algebras.
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category of Boolean algebras.

@ Denote by ¥: A — S the category that map a chain C to
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A (1) Finite and countable Boolean algebras are in the range
of V.
(2) But there is a Boolean algebra of cardinality X4 that is not in
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Boolean algebras

@ Denote by A the functor of 0, 1-chains. Denote by S the
category of Boolean algebras.

@ Denote by ¥: A — S the category that map a chain C to
the Boolean algebra generated by C.
A (1) Finite and countable Boolean algebras are in the range
of V.
(2) But there is a Boolean algebra of cardinality X4 that is not in
the range of V.
B (1) Diagrams of finite Boolean algebras, indexed by w, are in
the range of V.
(2) But there is a diagram of finite Boolean algebras, indexed
by a square, that is not in the range of V.

@ A (1) follows from B (1) and A (2) follows from B (2).
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Boolean algebras

@ We prove B (1) : Diagrams of finite Boolean algebras,
indexed by w, are in the range of V.

P. Gillibert The possible values of critical points between varieties of algebras 8/25



Boolean algebras

@ We prove B (1) : Diagrams of finite Boolean algebras,
indexed by w, are in the range of V.

o Let $=(S,,07 | m< ninw) be a diagram of finite
Boolean algebras.

P. Gillibert The possible values of critical points between varieties of algebras 8/25



Boolean algebras

@ We prove B (1) : Diagrams of finite Boolean algebras,
indexed by w, are in the range of V.

o Let $=(S,,07 | m< ninw) be a diagram of finite
Boolean algebras.

@ Let Cy be a maximal chain of Sy.

P. Gillibert The possible values of critical points between varieties of algebras 8/25



Boolean algebras

@ We prove B (1) : Diagrams of finite Boolean algebras,
indexed by w, are in the range of V.

o Let $=(S,,07 | m< ninw) be a diagram of finite
Boolean algebras.

@ Let Cy be a maximal chain of Sy.

@ Let Cy be a maximal chain of S; that contains o (Co).

P. Gillibert The possible values of critical points between varieties of algebras 8/25



Boolean algebras

@ We prove B (1) : Diagrams of finite Boolean algebras,
indexed by w, are in the range of V.

o Let $=(S,,07 | m< ninw) be a diagram of finite
Boolean algebras.

@ Let Cy be a maximal chain of Sy.

@ Let Cy be a maximal chain of S; that contains o (Co).

@ Let C, be a maximal chain of S, that contains o2(Cy).
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Boolean algebras

P. Gillibert

We prove B (1) : Diagrams of finite Boolean algebras,
indexed by w, are in the range of V.

Let S = (Sp, o™ | m < nin w) be a diagram of finite
Boolean algebras.

Let Cy be a maximal chain of Sp.

Let C; be a maximal chain of S; that contains o} (Co).
Let C, be a maximal chain of S, that contains o5(Cy).
and so on...
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@ We prove B (1) : Diagrams of finite Boolean algebras,
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indexed by w, are in the range of V.

Let S = (Sp, o™ | m < nin w) be a diagram of finite
Boolean algebras.

Let Cy be a maximal chain of Sp.

Let C; be a maximal chain of S; that contains o} (Co).
Let C, be a maximal chain of S, that contains o5(Cy).
and so on...

We obtain a diagram C with W o C = S, as wanted.
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Boolean algebras

We prove B (1) : Diagrams of finite Boolean algebras,
indexed by w, are in the range of V.

Let S = (Sp, o™ | m < nin w) be a diagram of finite
Boolean algebras.

Let Cy be a maximal chain of Sp.

Let C; be a maximal chain of S; that contains o} (Co).
Let C, be a maximal chain of S, that contains o5(Cy).
and so on...

We obtain a diagram C with W o C = S, as wanted.
We deduce A (1) : Finite and countable Boolean algebras
are in the range of V.
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Boolean algebras

We prove B (1) : Diagrams of finite Boolean algebras,
indexed by w, are in the range of V.

Let S = (Sp, o™ | m < nin w) be a diagram of finite
Boolean algebras.

Let Cy be a maximal chain of Sp.

Let C; be a maximal chain of S; that contains o} (Co).
Let C, be a maximal chain of S, that contains o5(Cy).
and so on...

We obtain a diagram C with W o C = S, as wanted.
We deduce A (1) : Finite and countable Boolean algebras
are in the range of V.

Let B be a countable Boolean algebra.
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Boolean algebras

We prove B (1) : Diagrams of finite Boolean algebras,
indexed by w, are in the range of V.

Let S = (Sp, o™ | m < nin w) be a diagram of finite
Boolean algebras.

Let Cy be a maximal chain of Sp.

Let C; be a maximal chain of S; that contains o} (Co).
Let C, be a maximal chain of S, that contains o5(Cy).
and so on...

We obtain a diagram C with W o C = S, as wanted.
We deduce A (1) : Finite and countable Boolean algebras
are in the range of V.

Let B be a countable Boolean algebra.

Write B = (J,,c, Sn Where S, C Sp, are finite Boolean
algebras.
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Boolean algebras

We prove B (1) : Diagrams of finite Boolean algebras,
indexed by w, are in the range of V.

Let S = (Sp, o™ | m < nin w) be a diagram of finite
Boolean algebras.

Let Cy be a maximal chain of Sp.

Let C; be a maximal chain of S; that contains o} (Co).
Let C, be a maximal chain of S, that contains o5(Cy).
and so on...

We obtain a diagram C with W o C = S, as wanted.

We deduce A (1) : Finite and countable Boolean algebras
are in the range of V.

Let B be a countable Boolean algebra.

Write B = (J,,c, Sn Where S, C Sp, are finite Boolean
algebras.

Let (Cn | n € w) as before. Then | J,,,, Cn is a chain that
generates B.

P. Gillibert The possible values of critical points between varieties of algebras 8/25



Boolean algebras

We prove B (2). Let X = {a, b, ¢, d} be a four elements set. We
consider the following diagram of Boolean algebras

X X
{a, b} {c,d} {a,c} {b,d}
0 \ /@
2={0,X}
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Algebras and congruences

@ We consider algebras on an arbitrary (finite) similarity type.
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Algebras and congruences

@ We consider algebras on an arbitrary (finite) similarity type.

@ A variety of algebras is the class of all algebras that satisfy
a given set of identities.

@ For K a class of algebras (with same similarity type), we
denote by Vark the smallest variety that contains K.

@ A variety is finitely generated if it is generated by a finite
class of finite algebras.
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Compact Congruences

@ Given x, y in A, denote by ©4(x, y) the smallest
congruence of A that identify x and y.
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called principal.
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Compact Congruences

@ Given x, y in A, denote by ©4(x, y) the smallest
congruence of A that identify x and y. Such congruence is
called principal.

@ A congruence is finitely generated if it is a finite join of
principal congruences.
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Compact Congruences

@ Given x, y in A, denote by ©4(x, y) the smallest
congruence of A that identify x and y. Such congruence is
called principal.

@ A congruence is finitely generated if it is a finite join of
principal congruences.

@ We denote by Con A the set of compact (=finitely
generated) congruences of A.
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Compact Congruences

@ Given x, y in A, denote by ©4(x, y) the smallest
congruence of A that identify x and y. Such congruence is
called principal.

@ A congruence is finitely generated if it is a finite join of
principal congruences.

@ We denote by Con A the set of compact (=finitely
generated) congruences of A. It is a semilattice,
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Compact Congruences

@ Given x, y in A, denote by ©4(x, y) the smallest
congruence of A that identify x and y. Such congruence is
called principal.

@ A congruence is finitely generated if it is a finite join of
principal congruences.

@ We denote by Con A the set of compact (=finitely
generated) congruences of A. It is a semilattice, That is :

e The smallest congruence of A, denoted by 04, is finitely
generated.

P. Gillibert The possible values of critical points between varieties of algebras 11/25



Compact Congruences

@ Given x, y in A, denote by ©4(x, y) the smallest
congruence of A that identify x and y. Such congruence is
called principal.

@ A congruence is finitely generated if it is a finite join of
principal congruences.

@ We denote by Con A the set of compact (=finitely
generated) congruences of A. It is a semilattice, That is :

e The smallest congruence of A, denoted by 04, is finitely
generated.

e The join of two finitely generated congruences is finitely
generated.
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The congruence functor

@ For f: A— B a morphism of algebras. We put :

Con.f: ConcA— Conc B
a— Og({(f(x),f(¥)) | (x,¥) € a})
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The congruence functor

@ For f: A— B a morphism of algebras. We put :

Con.f: ConcA— Conc B
a— Og({(f(x),f(¥)) | (x,¥) € a})

@ Con¢ f is a morphism of semilattices.
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The congruence functor

@ For f: A— B a morphism of algebras. We put :

Con.f: ConcA— Conc B
a— Og({(f(x),f(¥)) | (x,¥) € a})

@ Con¢ f is a morphism of semilattices.

@ Cong is a functor from any variety of algebras to the variety
of semilattices.
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Congruences classes

@ We now only consider Conc-lifting, we just say lifting.
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Congruences classes

@ We now only consider Conc-lifting, we just say lifting.

@ A lifting of a semilattice S is an algebra A such that
Conc A= S.
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Congruences classes

@ We now only consider Conc-lifting, we just say lifting.

@ A lifting of a semilattice S is an algebra A such that
Conc A= S.

@ The congruence class of a variety V, denoted by Con¢ V), is
the class of all semilattices liftable in V.
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Congruences classes

@ We now only consider Conc-lifting, we just say lifting.

@ A lifting of a semilattice S is an algebra A such that
Conc A= S.

@ The congruence class of a variety V, denoted by Con¢ V), is
the class of all semilattices liftable in V.

@ We have a good description of Con¢ V for very few
varieties of algebras.
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Congruences classes

@ We now only consider Conc-lifting, we just say lifting.

@ A lifting of a semilattice S is an algebra A such that
Conc A= S.

@ The congruence class of a variety V, denoted by Con¢ V), is
the class of all semilattices liftable in V.

@ We have a good description of Con¢ V for very few
varieties of algebras.

@ We denote by D the variety of all distributive lattices, then
Con¢ D is the class of all generalized Boolean algebras.
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CLP

@ We denote by L the variety of all lattices.
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CLP

@ We denote by L the variety of all lattices.

@ Funayama and Nakayama have shown that Con L is
distributive for each L € L.
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@ We denote by L the variety of all lattices.

@ Funayama and Nakayama have shown that Con L is
distributive for each L € L.

@ Hence every semilattice S € Con L is distributive.

P. Gillibert The possible values of critical points between varieties of algebras 14/25



CLP

@ We denote by L the variety of all lattices.

@ Funayama and Nakayama have shown that Con L is
distributive for each L € L.

@ Hence every semilattice S € Con L is distributive.

@ Every finite distributive semilattice belongs to Con¢ £
(Dilworth ~1940, Gratzer and Schmidt 1962).
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@ Funayama and Nakayama have shown that Con L is
distributive for each L € L.

@ Hence every semilattice S € Con L is distributive.

@ Every finite distributive semilattice belongs to Con¢ £
(Dilworth ~1940, Gratzer and Schmidt 1962).

@ Every distributive semilattice of cardinality at most X4
belongs to Con¢ £ (Huhn 1985).
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CLP

@ We denote by L the variety of all lattices.

@ Funayama and Nakayama have shown that Con L is
distributive for each L € L.

@ Hence every semilattice S € Con L is distributive.

@ Every finite distributive semilattice belongs to Con¢ £
(Dilworth ~1940, Gratzer and Schmidt 1962).

@ Every distributive semilattice of cardinality at most X4
belongs to Con¢ £ (Huhn 1985).

@ There exists a distributive semilattice of cardinality X,
that does not belong to Con¢ £ (Wehrung 2007).
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CLP

@ We denote by L the variety of all lattices.

@ Funayama and Nakayama have shown that Con L is
distributive for each L € L.

@ Hence every semilattice S € Con L is distributive.

@ Every finite distributive semilattice belongs to Con¢ £
(Dilworth ~1940, Gratzer and Schmidt 1962).

@ Every distributive semilattice of cardinality at most X4
belongs to Con¢ £ (Huhn 1985).

@ There exists a distributive semilattice of cardinality X,
that does not belong to Con¢ £ (Wehrung 2007).

@ There exists a distributive semilattice of cardinality X, that
does not belong to Con¢ £ (Razicka 2008).
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Critical points

@ Given varieties of algebras V and W, in which case do we
have Con.V C Con, W ?
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Critical points

@ Given varieties of algebras V and W, in which case do we
have Con; V C Congc W ?

@ We put crit(V; W) = min{card S | S € Con; V — Con W}, if
it exists, otherwise we put crit(V; W) = oc.
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Critical points

@ Given varieties of algebras V and W, in which case do we
have Con; V C Congc W ?

@ We put crit(V; W) = min{card S | S € Con; V — Con W}, if
it exists, otherwise we put crit(V; W) = oc.

M,

ai
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Critical points

@ Given varieties of algebras V and W, in which case do we
have Con; V C Congc W ?
@ We put crit(V; W) = min{card S | S € Con; V — Con W}, if
it exists, otherwise we put crit(V; W) = oc.
Mn
Denote by M, the variety of
lattices generated by M,,.

ai
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Critical points

@ Given varieties of algebras V and W, in which case do we
have Con; V C Congc W ?
@ We put crit(V; W) = min{card S | S € Con; V — Con W}, if
it exists, otherwise we put crit(V; W) = oc.
Mn
Denote by M, the variety of
lattices generated by M,,.

ai

@ crit(Ms; D) = Xg, where D is the variety of all distributive
lattices.
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Critical points

@ Given varieties of algebras V and W, in which case do we
have Con; V C Congc W ?
@ We put crit(V; W) = min{card S | S € Con; V — Con W}, if
it exists, otherwise we put crit(V; W) = oc.
Mn
Denote by M, the variety of
lattices generated by M,,.

ai

@ crit(Mgs; D) = R, where D is the variety of all distributive
lattices.
@ crit(Mm; M,) = Rp, for all m > n > 3 (PloSCica, 2003)
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Critical points

@ The following results are due to Razicka, Tuma, and
Wehrung (2007).
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Critical points

@ The following results are due to Razicka, Tuma, and
Wehrung (2007).

@ Each distributive semilattice of cardinality < Xy is liftable
with a group.
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Critical points

@ The following results are due to Razicka, Tuma, and
Wehrung (2007).

@ Each distributive semilattice of cardinality < Xy is liftable
with a group.
@ Let F be the lattice freely generate by X, elements.
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Critical points

@ The following results are due to Razicka, Tuma, and
Wehrung (2007).

@ Each distributive semilattice of cardinality < Xy is liftable
with a group.

@ Let F be the lattice freely generate by X, elements.

@ Then Con¢ F is not liftable with any
congruence-permutable algebras.
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Critical points

@ The following results are due to Razicka, Tuma, and
Wehrung (2007).

@ Each distributive semilattice of cardinality < Xy is liftable
with a group.
@ Let F be the lattice freely generate by X, elements.
@ Then Con¢ F is not liftable with any
congruence-permutable algebras.
@ In particular :
crit(lattices; groups) = Ny
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Critical points

@ The following results are due to Razicka, Tuma, and
Wehrung (2007).

@ Each distributive semilattice of cardinality < Xy is liftable
with a group.
@ Let F be the lattice freely generate by X, elements.

@ Then Con¢ F is not liftable with any
congruence-permutable algebras.

@ In particular :
crit(lattices; groups) = Np

@ We have Mz = Con((Z/2Z)?) and M is not distributive.
Hence :
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Critical points

@ The following results are due to Razicka, Tuma, and
Wehrung (2007).

@ Each distributive semilattice of cardinality < Xy is liftable
with a group.
@ Let F be the lattice freely generate by X, elements.

@ Then Con¢ F is not liftable with any
congruence-permutable algebras.

@ In particular :
crit(lattices; groups) = Np

@ We have Mz = Con((Z/2Z)?) and M is not distributive.
Hence :

crit(groups; lattices) = card M3 = 5
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Majority algebras

@ A majority algebra is an algebra M with a ternary operation
m satisfying the identities

m(x,Xx,y)=m(x,y,x) =m(y,x,x) =X.
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Majority algebras

@ A majority algebra is an algebra M with a ternary operation
m satisfying the identities

m(x,Xx,y)=m(x,y,x) =m(y,x,x) =X.

@ Ploscica, using a method introduced by Wehrung to solve
CLP, and a method by Ruzi¢ka to improve the result, prove
that :
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Majority algebras

@ A majority algebra is an algebra M with a ternary operation
m satisfying the identities

m(x,Xx,y)=m(x,y,x) =m(y,x,x) =X.

@ Ploscica, using a method introduced by Wehrung to solve
CLP, and a method by Ruzi¢ka to improve the result, prove
that :

crit(majority algebras; lattices) = Ny
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Majority algebras

@ A majority algebra is an algebra M with a ternary operation
m satisfying the identities

m(x,x,y)=m(x,y,x)=m(y,x,x) = X.

@ Ploscica, using a method introduced by Wehrung to solve
CLP, and a method by Ruzi¢ka to improve the result, prove
that :

crit(majority algebras; lattices) = Ny

@ However each lattice can be viewed as a majority
algebras. It follows :

crit(lattices; majority algebras) = co.
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Example

Consider the lattices M3 and Ns. Denote M3 (resp., Ns) the
variety generated by M3 (resp., Ns).

1
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Example

Consider the lattices M3 and Ns. Denote M3 (resp., Ns) the
variety generated by M3 (resp., Ns).

1

0
@ PutS=22put T=2,denote p: S— T, (a,B) — a V f.
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Example

Consider the lattices M3 and Ns. Denote M3 (resp., Ns) the
variety generated by M3 (resp., Ns).

1

0
@ PutS=22put T=2,denote p: S— T, (a,B) — a V f.
@ The inclusion f: {0,a,1} — Mjz is a lifting of ¢.
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Example

Consider the lattices M3 and Ns. Denote M3 (resp., Ns) the
variety generated by M3 (resp., Ns).

1

0
@ PutS=22put T=2,denote p: S— T, (a,B) — a V f.
@ The inclusion f: {0,a,1} — Mjz is a lifting of ¢.
@ ¢ has no lifting in Ns.
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Example

Consider the lattices M3 and Ns. Denote M3 (resp., Ns) the
variety generated by M3 (resp., Ns).

1

0
@ PutS=22put T=2,denote p: S— T, (a,B) — a V f.
@ The inclusion f: {0,a,1} — Mjz is a lifting of ¢.
@ ¢ has no lifting in Ns.
@ The “diagram” ¢ is indexed by 2, the corresponding
combinatorial statement is simple.
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Example

Consider the lattices M3 and Ns. Denote M3 (resp., Ns) the
variety generated by M3 (resp., Ns).

1

0
@ PutS=22put T=2,denote p: S— T, (a,B) — a V f.
@ The inclusion f: {0,a,1} — Mjz is a lifting of ¢.
@ ¢ has no lifting in Ns.
@ The “diagram” ¢ is indexed by 2, the corresponding
combinatorial statement is simple. So crit(Mgs; Ns) = No.
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Strongly congruence-proper varieties

@ A variety W of algebras is strongly congruence-proper if,
for all finite semilattice S,
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Strongly congruence-proper varieties

@ A variety W of algebras is strongly congruence-proper if,
for all finite semilattice S, there are, up to isomorphism, at
most finitely many A € W such that Cong A = S,
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Strongly congruence-proper varieties

@ A variety W of algebras is strongly congruence-proper if,
for all finite semilattice S, there are, up to isomorphism, at
most finitely many A € W such that Con; A = S, and each
such A is finite.
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Strongly congruence-proper varieties

@ A variety W of algebras is strongly congruence-proper if,
for all finite semilattice S, there are, up to isomorphism, at
most finitely many A € W such that Con; A = S, and each
such A is finite.

@ Let W be a finitely generated congruence-modular variety
of algebras.
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Strongly congruence-proper varieties

@ A variety W of algebras is strongly congruence-proper if,
for all finite semilattice S, there are, up to isomorphism, at
most finitely many A € W such that Con; A = S, and each
such A is finite.

@ Let W be a finitely generated congruence-modular variety
of algebras. Then W is strongly congruence-proper
(consequence of a result by Freese and McKenzie).
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Strongly congruence-proper varieties

@ A variety W of algebras is strongly congruence-proper if,
for all finite semilattice S, there are, up to isomorphism, at
most finitely many A € W such that Con; A = S, and each
such A is finite.

@ Let W be a finitely generated congruence-modular variety
of algebras. Then W is strongly congruence-proper
(consequence of a result by Freese and McKenzie).

@ Let W be a finitely generated variety of algebras omitting
tame congruence theory type 1 and 5.
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Strongly congruence-proper varieties

@ A variety W of algebras is strongly congruence-proper if,
for all finite semilattice S, there are, up to isomorphism, at
most finitely many A € W such that Con; A = S, and each
such A is finite.

@ Let W be a finitely generated congruence-modular variety
of algebras. Then W is strongly congruence-proper
(consequence of a result by Freese and McKenzie).

@ Let W be a finitely generated variety of algebras omitting
tame congruence theory type 1 and 5. Then W is strongly
congruence-proper (consequence of a result by Hobby and
McKenzie).
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Strongly congruence-proper varieties

@ A variety W of algebras is strongly congruence-proper if,
for all finite semilattice S, there are, up to isomorphism, at
most finitely many A € W such that Con; A = S, and each
such A is finite.

@ Let W be a finitely generated congruence-modular variety
of algebras. Then W is strongly congruence-proper
(consequence of a result by Freese and McKenzie).

@ Let W be a finitely generated variety of algebras omitting
tame congruence theory type 1 and 5. Then W is strongly
congruence-proper (consequence of a result by Hobby and
McKenzie).

@ The variety of lattices is not strongly congruence-proper.
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Compactness

LetV and W be a locally finite varieties of algebras, we assume
that :
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Compactness

LetV and W be a locally finite varieties of algebras, we assume
that :

@ W is strongly congruence-proper.
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Compactness

LetV and W be a locally finite varieties of algebras, we assume
that :
@ W is strongly congruence-proper.

o IfAis a finite lattice-indexed diagram of finite algebras in'V,
then there is a diagram B in )V such that
Con¢ oA = Cong oB.
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Compactness

Theorem

LetV and W be a locally finite varieties of algebras, we assume
that :

@ W is strongly congruence-proper.

o IfAis a finite lattice-indexed diagram of finite algebras in'V,
then there is a diagram B in )V such that
Con¢ oA = Cong oB.

Then Cong V C Cong W.
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@ Let A€ V. Let A be the diagram of finite subalgebras of A.
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@ Let A€ V. Let A be the diagram of finite subalgebras of A.
@ As Ais locally finite, A = Ii_m>A.
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@ Let A€ V. Let A be the diagram of finite subalgebras of A.
@ As Ais locally finite, A = Ii_m>A.

@ Every finite subdiagram of Conc oA has a lifting in W.
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@ Let A€ V. Let A be the diagram of finite subalgebras of A.
@ As Ais locally finite, A = Ii_m>A.

@ Every finite subdiagram of Conc oA has a lifting in W.
@ Theses liftings might not be compatible...
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@ Let A€ V. Let A be the diagram of finite subalgebras of A.

@ As Ais locally finite, A = |i_m>Z\.

@ Every finite subdiagram of Conc oA has a lifting in W.

@ Theses liftings might not be compatible...

@ By compactness argument there is a diagram Bin W such
that Cong oA 2 Con, oB.
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@ Let A€ V. Let A be the diagram of finite subalgebras of A.

@ As Ais locally finite, A = |i_m>Z\.

@ Every finite subdiagram of Conc oA has a lifting in W.

@ Theses liftings might not be compatible...

@ By compactness argument there is a diagram Bin W such
that Cong oA = Cong oB.

e Put B =lim B, then
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@ Let A€ V. Let A be the diagram of finite subalgebras of A.

@ As Ais locally finite, A = |i_m>Z\.

@ Every finite subdiagram of Conc oA has a lifting in W.

@ Theses liftings might not be compatible...

@ By compactness argument there is a diagram Bin W such
that Cong oA = Cong oB.

e Put B =lim B, then

Cong B = Con(lim B)

P. Gillibert The possible values of critical points between varieties of algebras 21/25



@ Let A€ V. Let A be the diagram of finite subalgebras of A.
@ As Ais locally finite, A = Ii_m>A.

@ Every finite subdiagram of Conc oA has a lifting in W.

@ Theses liftings might not be compatible...

@ By compactness argument there is a diagram B in W such
that Cong oA 22 Cong oB.

e Put B =lim B, then

Cong B = Con(lim B)

= lim(Cong oB)
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@ Let A€ V. Let A be the diagram of finite subalgebras of A.

@ As Ais locally finite, A = |i_m>Z\.

@ Every finite subdiagram of Conc oA has a lifting in W.

@ Theses liftings might not be compatible...

@ By compactness argument there is a diagram Bin W such
that Cong oA = Cong oB.

e Put B =lim B, then

Cong B = Con(lim B)
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@ Let A€ V. Let A be the diagram of finite subalgebras of A.
@ As Ais locally finite, A = Ii_m>A.

@ Every finite subdiagram of Conc oA has a lifting in W.

@ Theses liftings might not be compatible...

@ By compactness argument there is a diagram B in W such
that Cong oA 22 Cong oB.

e Put B =lim B, then

Cong B = Con(lim B)
= lim(Cong oB)

= Cong(lim A)
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@ Let A€ V. Let A be the diagram of finite subalgebras of A.
@ As Ais locally finite, A = Ii_m>A.

@ Every finite subdiagram of Conc oA has a lifting in W.

@ Theses liftings might not be compatible...

@ By compactness argument there is a diagram B in W such
that Cong oA 22 Cong oB.

e Put B =lim B, then

Cong B = Con(lim B)
= lim(Cong oB)

= lim(Cong oA)
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@ Let A€ V. Let A be the diagram of finite subalgebras of A.
@ As Ais locally finite, A = Ii_m>A.

@ Every finite subdiagram of Conc oA has a lifting in W.

@ Theses liftings might not be compatible...

@ By compactness argument there is a diagram B in W such
that Cong oA 22 Cong oB.

e Put B =lim B, then

Cong B = Con(lim B)
= lim(Cong oB)

= lim(Cong oA)

@ So ConcV C Cong W.
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Let VY and W be locally finite varieties of algebras. If W is
strongly congruence-proper,
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Let VY and W be locally finite varieties of algebras. If W is
strongly congruence-proper, then either crit(V; W) < X, or
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Let VY and W be locally finite varieties of algebras. If W is
strongly congruence-proper, then either crit(V; W) < X, or
Cong vV C Cone W.
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Let VY and W be locally finite varieties of algebras. If W is
strongly congruence-proper, then either crit(V; W) < X, or
Cong vV C Cone W.

@ Assume that crit(V; W) > R,,.
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Let VY and W be locally finite varieties of algebras. If W is
strongly congruence-proper, then either crit(V; W) < X, or
Cong vV C Cone W.

@ Assume that crit(V; W) > R,,.
@ Let P be a finite lattice, let A be a P-indexed diagram of
finite algebras in V.
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Let VY and W be locally finite varieties of algebras. If W is
strongly congruence-proper, then either crit(V; W) < X, or
Cong vV C Cone W.

@ Assume that crit(V; W) > R,,.

@ Let P be a finite lattice, let A be a P-indexed diagram of
finite algebras in V.

@ The cardinal satisfying the combinatorial statement related
to Pis N, for some integer n > 0 (Kuratowski).
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Let VY and W be locally finite varieties of algebras. If W is
strongly congruence-proper, then either crit(V; W) < X, or
Cong vV C Cone W.

@ Assume that crit(V; W) > R,,.
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Let VY and W be locally finite varieties of algebras. If W is
strongly congruence-proper, then either crit(V; W) < X, or
Cong vV C Cone W.

@ Assume that crit(V; W) > R,,.

@ Let P be a finite lattice, let A be a P-indexed diagram of
finite algebras in V.

@ The cardinal satisfying the combinatorial statement related
to Pis N, for some integer n > 0 (Kuratowski).

@ Let A be a condensate of A.

@ AscardConc A <cardA =X, <R, there is B € W such
that Conc A = Con. B.
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Let VY and W be locally finite varieties of algebras. If W is
strongly congruence-proper, then either crit(V; W) < X, or
Cong vV C Cone W.

@ Assume that crit(V; W) > R,,.

@ Let P be a finite lattice, let A be a P-indexed diagram of
finite algebras in V.

@ The cardinal satisfying the combinatorial statement related
to Pis N, for some integer n > 0 (Kuratowski).

@ Let A be a condensate of A.

@ AscardConc A <cardA =R, < N, there is B € W such
that Conc A = Con. B.

@ So there is a diagram Bin W such that
Cong oA = Con oB.

@ By the compactness theorem Con; V C Conc W.
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Improvement

LetV and W be locally finite varieties of algebras. If VWV is
strongly congruence-proper, then either crit(V; W) < R, or
Con¢ V C Cong W.
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@ The proof is similar to the previous one (plus a few more
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@ ltis based on diagrams indexed by finite truncated Boolean
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@ The cardinal X, satisfies the corresponding combinatorial
statement, it is equivalent to a theorem of Hajnal and Maté.

@ Notice that the theorem does not allow to find which of the
two statement holds.
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Improvement

LetV and W be locally finite varieties of algebras. If VWV is
strongly congruence-proper, then either crit(V; W) < R, or
Con¢ V C Cong W.

@ The proof is similar to the previous one (plus a few more
technical lemmas).

@ ltis based on diagrams indexed by finite truncated Boolean
algebras.

@ The cardinal X, satisfies the corresponding combinatorial
statement, it is equivalent to a theorem of Hajnal and Maté.

@ Notice that the theorem does not allow to find which of the
two statement holds.

@ But for lattices we can do more.
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Varieties of lattices

@ Let V and W be varieties of lattices, denote by V¢ the dual
of V.
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e If either V C W or V4 C W, then crit(V; W) = oo (i.e.
Conc V C Conc W)
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Varieties of lattices

@ Let V and W be varieties of lattices, denote by V¢ the dual
of V.

e If either V C W or V4 C W, then crit(V; W) = oo (i.e.
Conc V C Conc W)

LetV and W be varieties of lattices. Assume that each simple
lattice in YW has a prime interval.
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Varieties of lattices

@ Let V and W be varieties of lattices, denote by V¢ the dual
of V.

e If either V C W or V4 C W, then crit(V; W) = oo (i.e.
Conc V C Conc W)

Theorem

LetV and W be varieties of lattices. Assume that each simple
lattice in VW has a prime interval. One of the following statement
is true.

Q crit(V; W) < Rp.
Q@ VCWorycwi,
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Varieties of lattices

@ Let V and W be varieties of lattices, denote by V¢ the dual
of V.

e If either V C W or V4 C W, then crit(V; W) = oo (i.e.
Conc V C Conc W)

Theorem

LetV and W be varieties of lattices. Assume that each simple
lattice in VW has a prime interval. One of the following statement
is true.

Q crit(V; W) < Rp.
Q@ VCWorycwi,

@ Idea : If V is neither contained in W nor its dual.
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Varieties of lattices

@ Let V and W be varieties of lattices, denote by V¢ the dual
of V.

e If either V C W or V4 C W, then crit(V; W) = oo (i.e.
Conc V C Conc W)

Theorem

LetV and W be varieties of lattices. Assume that each simple
lattice in VW has a prime interval. One of the following statement
is true.

Q crit(V; W) < Rp.
Q@ VCWorycwi,

@ ldea: IfV i§ neither contained in V\j nor its dual. Then find
a diagram A in V such that Con¢ oA has no lifting in W.
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Varieties of lattices

@ Let V and W be varieties of lattices, denote by V¢ the dual
of V.

e If either V C W or V4 C W, then crit(V; W) = oo (i.e.
Conc V C Conc W)

Theorem

LetV and W be varieties of lattices. Assume that each simple
lattice in VW has a prime interval. One of the following statement
is true.

Q crit(V; W) < Rp.
Q@ VCWorycwi,

@ ldea: IfV i§ neither contained in V\j nor its dual. Then find
a diagram A in V such that Con¢ oA has no lifting in W.

@ There is a condensate A of A of cardinality R, such that
Con¢ A has no lifting in W.
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That is all

Thank you for your attention.
Any questions ?
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