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QOutline

Starting from the algebraic properties of residuated lattices, we will:

m  Rediscover the substructural hierarchy (Ciabattoni-NG-Terui)

m Rediscover the sequent calculus for FL, and the hypersequent
calculus (Avron, Ciabattoni-NG-Terui)

m  Rediscover residuated frames (NG-Jipsen)

m Relativize the hierarchy/calculus/frames for the involutive
(classical), and distributive cases (NG-Jipsen)

m  Survey some recent results

0 cut elimination (admissibility) for FL, InFL, DFL, HFL, HDFL
and extensions

m Also, prove two new results

0 FEP for IDFL and extensions (NG)

[0 cut elimination for HDFL and extensions
(Ciabattoni-NG-Terui)
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So, residuated lattices form an equational class/variety.

Pointed residuated lattices are expansions with a constant 0. This
allows us to define two negations: ~z = x\0 and —z = 0/z.
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Examples

Nikolaos Galatos, TACL'11, Marseille, July 2011

Boolean algebras. z/y = y\z =y — x = =y V x and
r-Yy=xNYy.

MV-algebras. For z -y =x @y and z\y = y/x = ~(—z O y).

Lattice-ordered groups. For z\y = 2~ 1y, y/z = yz~1;

X = I'_l.

(Reducts of) relation algebras. For z -y = x;y, x\y = (x;y°)¢,

y/x = (y°;2°)°, 1 =1id.

deals of a ring (with 1), where I.J = {}_,, ij|i€ I, j € J}
1/)J={k|kJCTI}, N[={k|JECI}, 1=R.

Quantales (Q,\/,-, 1) are (definitionally equivalent) complete
residuated lattices.

The powerset (P(M),N,U,-,\,/,{e}) of a monoid
M= (M,-,e), where X - Y ={zx-y|z e X, ye Y}

X)Y={zeM|{z}-YCX}, V\X={2eM|Y {2} CX)
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Bi-modules

n rl=z=1z, (2y)z = z(yz2)
m x(yVz)=xyVaezand (yVz)r=yx\Vzr

So, if P is a residuated lattice, then (P, V,-, 1) is a semiring. [In the

complete case, a quantale.]
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So, if P is a residuated lattice, then (P, V,-, 1) is a semiring. [In the
complete case, a quantale.]

2\(y A z) = (z\y) A (z\2) and (y A 2)/z = (y/x) A (z/)
gy\ Vz)\r = (/yl\w> A (2\z) and z/(y V 2) = (z/y) A (x/2)
(y2)\z = 2\(y\z) and z/(zy) = (z/y)/z

r\(y/z) = (x\y)/z
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So, for N = P, (P,V,-,1) acts on both sides on (N, A) by \ and /.
Thus, ((N,A),\,/) becomes a (P, V,-,1)-bimodule.
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So, for N = P, (P,V,-,1) acts on both sides on (N, A) by \ and /.
Thus, ((N,A),\,/) becomes a (P,V, -, 1)-bimodule. This split
matches the notion of polarity.
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(Pv\/a'alaNaA?\?/)'
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The absolutely free algebra for P = NN generated by Py = Ny = Var
(the set of propositional variables) gives the set of all formulas.
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The absolutely free algebra for P = NN generated by Py = Ny = Var
(the set of propositional variables) gives the set of all formulas. The
steps of the generation process yield the substructural hierarchy.
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m  Sequent: ai,as,...,a, = ag (a; € Fm)
Po

A. Ciabattoni, NG, K. Terui. From axioms to analytic rules in
nonclassical logics, Proceedings of LICS'08, 229-240, 2008.
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If P = N is the underlying set of a residuated lattice .o
A= (A NV, \,/,1), anucleus is just a closure operator that Compl - CE

satisfies y(z) - v(y) < v(z - y). (Cf. phase spaces.) prome applcations
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If we define A, ={v(z):x € A}, zV,y=~(xVy) and FEP
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Conuclei

All complete RLs arise as submodules of P(IM), where M is a
monoid, namely via nuclei on powersets (of monoids).
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monoid, namely via nuclei on powersets (of monoids). (Each RL can
be embedded into a complete one.) Residuated frames arise from
studying submodules of P(M).They form relational semantics for
substructural logics and are the most important tool in Algebraic
Proof Theory.

Nikolaos Galatos, TACL'11, Marseille, July 2011 Relativising the substructural hierarchy — 8 / 28




Lattice frames
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Residuated lattices

A lattice frame is a structure F = (L, R, N) where L and R are sets = Bameles

Bi-modules
and N is a binary relation from L to R. Formula hierarchy
Submodules and nuclei

If A is a lattice, Fo = (A, A, <) is a lattice frame.

Residuated frames
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FL

Gentzen frames
Compl - CE
Frame applications

Equations
Simple rules
FEP
Hypersequents
Hyper-frames
CE for HFL
Relativizing to InFL
FMP for InFL
DFL

FEP for IDFL
CE for HDFL
Relativising

Conuclei
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Corollary. If F is a lattice frame then the Galois algebra
F* = (yv[P(L)],N, Uy, ) is a complete lattice.
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Corollary. If F is a lattice frame then the Galois algebra
F* = (yv[P(L)],N, Uy, ) is a complete lattice.

If A is a lattice, FX is the Dedekind-MacNeille completion of A and
xr +— {x}< is an embedding.
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Residuated frames

Substructiral logics and
residuated lattices

Outline
Residuated lattices

A residuated frame is a structure F = (L, R, N,0,¢,\, /) where Examples

Bi-modules

Formula hierarchy

m (L,R,N) is a lattice frame, Submodules and nuclei

m (L,o,e)is a monoid and TRy T
m \:LxXR—R,/:RxL— R are such that

GN
FL

(woy) Nw = yN (,CU\\’LU) < :EN (w//y) Gentzen frames
Compl - CE
Frame applications
Equations
Simple rules
FEP
Hypersequents
Hyper-frames
CE for HFL
Relativizing to InFL
FMP for InFL
DFL
FEP for IDFL
CE for HDFL
Relativising

Conuclei
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If AisaRL, Fa = (A, A,<,-,1) is a residuated frame. Moreover, S
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Hyper-frames

Conuclei
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CE for HFL
Relativizing to InFL
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Hyper-frames
CE for HFL
Relativizing to InFL

for Fa, z — {z}< is an embedding. PP for InFL
Note: (L,o0,¢) acts on R via \\ and / (modulo N). A frame is freely "

generated by B, if (L,o,1) is the free monoid B* and R is (bijective Relatiising
tO) B* X B X B* — SB* X B Conuclei
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Theorem. If F is a frame, then vy is a nucleus on P(L,0,1). Then  Eauations

. Simple rules
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residuated lattice called the Galois algebra of F. ﬂigfqmt

If AisaRL, Fa = (A, 4,<,-,1) is a residuated frame. Moreover, o

Relativizing to InFL

for Fa, z — {z}< is an embedding. PP for nFL
Note: (L,o0,¢) acts on R via \\ and / (modulo N). A frame is freely "

generated by B, if (L,o,1) is the free monoid B* and R is (bijective  Relatiising
to) B* x B x B* = S« x B. (Given a monoid L = (L, 0,¢), SL Conue
denotes the sections (unary linear polynomials) of L.)

N. Galatos and P. Jipsen. Residuated frames and applications to
decidability, to appear in the Transactions of the AMS.
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So, we get the sequent calculus FL, for a,b,c € F'm,
x,y,u,v € Fm*, z € S, x Fm.
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FL

Substructiral logics and
residuated lattices
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Residuated lattices
T = Q yOa,OZ = C Examples
(cut) (|d) Bi-modules
Yoxroz = C a=a

Formula hierarchy
Submodules and nuclei

yOCLOZ = C (/\Lg) yObOZ = C (/\L"I“) r = a T = b (/\R) Lattice frames

yoa A boz = ¢ yoa A boz = ¢ r=aAb Lduated frames
yOCLOZ j C yObOZ :> C 95 :> a 95 :> b Gentzen frames
VL VRY VR
yoa V boz = ¢ (VL) r=a\Vb ( ) r=a\Vb (VRT) Ef;:‘::;piﬁcations
r = a yObOZ — C aoxr = b E?r:atiornjes
o o ( \b)o :> (\L) :> \b (\R) IS:EPpI |
y x a < C L a Hypersequents
xr=a yYoboz=c (/L) roaq="> (/R) Eépgr_:ages
yo(b/a) o oz = ¢ r=b/a S ne o Inth
DFL
oa 0 boz = ¢ T = a = b -
ol b (-L) - — (-R) e o HOL
yoa oZ = C Loy = Q Relativising
y oz : a Conuclei
yoloz = a (1L) e=1 (1R)

where a,b,c € Fm, x,y,z € Fm~.
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R = SL X Fm), Wh|th X N (’Ux, a/) Iff |_FL ’LL(.T) = Q. Formula hierarchy
Submodules and nuclei
The following properties hold for Fa, Fry, (and Fa B, later): [T —
Residuated frames
1. F is a residuated frame (freely) generated by B GN
FL
2. B is a (partial) algebra of the same type, (B = A, Fm)
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3. N satisfies GN, for all a, b e B, T,y € L, z € R. Frame applications
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We call such pairs (F,B) Gentzen frames. A cut-free Gentzen frame  smelerie
is not assumed to satisfy the (CUT)-rule. Hypersequents
Hyper-frames
Theorem. (NG-Jipsen) Given a Gentzen frame (F,B), the map CE for HFL
{}19:B = F*, b {b}<is a (partial) homomorphism. S ne o Inth
(Namely, if a,b € B and a eb € B (e is a connective) then DEL
FEP for IDFL
{CL o b}<] — {CL}<] o+ {b}q) CE for HDFL
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Fry, is the free frame generated by the formulas Fm (L = F'm*, Sameles
R = SL X Fm), Wh|th X N (’Ux, a/) Iff |_FL ’LL(.T) = Q. Formula hierarchy
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FL
2. B is a (partial) algebra of the same type, (B = A, Fm)
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We call such pairs (F,B) Gentzen frames. A cut-free Gentzen frame  smelerie
is not assumed to satisfy the (CUT)-rule. Hypersequents
Hyper-frames
Theorem. (NG-Jipsen) Given a Gentzen frame (F,B), the map CE for HFL
{}19:B = F*, b {b}<is a (partial) homomorphism. S ne o Inth
(Namely, if a,b € B and a eb € B (e is a connective) then DEL
g b 4 FEP for IDFL
{CL o b} — {CL} o+ {b} ) CE for HDFL
Relativisin
For cut-free Genzten frames, we get only a quasihomomorphism. Comuclei

aepbc {a}Y ep+ {b}T C {aepb}~.
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Completeness - Cut elimination

Substructiral logics and
residuated lattices

Outline
Residuated lattices

For every homomorphism f : Fm — B, let f : Fm; — FT be the Dangle

Bi-modules

homomorphism that extends f(p) = {f(p)}< (p: variable.) Formala hierarchy

Submodules and nuclei

Corollary. If (F,B) is a cf Gentzen frame, for every homomorphism  Lattice frames

Residuated frames

f:Fm — B, we have f(a) € f(a) C {f(a)}<. If we have (CUT), GN

then f(@) :\L f(a) EI;ntzen frames
:

We define F =z = c by f(x) N f(c), for all f. ramapcations
Theorem. If F; E 2 <, then FpL F 2 = c oo
ldea: For f: Fm — B, f(x) € f(x) C f(c) C{f(c)}, so oo
f(CI}) N f(C) Hyper-frames

CE for HFL
Corollary. FL is complete with respect to Fii; . S ne o Inth
Corollary (CE). FL and FL! prove the same sequents. o

FEP for IDFL

CE for HDFL

Theorem. (Ciabattoni-NG-Terui) For axioms in A5, the extension of Relatising
FL is equivalent to one that admits (modular, infinitary) cut

elimination iff the corresponding variety is closed under (MacNeille)
completions iff the axiom is acyclic.
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Frame applications

m  DM-completion

m  Completeness of the calculus
m  Cut elimination

m  Finite model property

m Finite embeddability property

m (Generalized super-)amalgamation property (Transferable
injections, Congruence extension property)

m (Craig) Interpolation property

m Disjunction property

m Strong separation

m Stability under linear structural rules/equations over {V, -, 1}.

NG and H. Ono, APAL.

NG and P. Jipsen, TAMS.

NG and P. Jipsen, manuscript.

A. Ciabattoni, NG and K. Terui, APAL.
NG and K. Terui, manuscript.
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Equations

ldea: Express equations over {V,-, 1} at the frame level.

Nikolaos Galatos, TACL'11, Marseille, July 2011
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For an equation ¢ over {V, -, 1} we distribute products over joins to

get s1 V- Vs, =1t V---Vi,. s,

monoid terms.
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The first is equivalent to: &(s; <tV --
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x%y Vx122y V Tox1Y V :U%y <21y VayVyrsVyrs
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x%y Vx122y V Tox1Y V :U%y <21y VayVyrsVyrs

T122Y < T1Y V T2y V YT1 V Yo
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Simple rules

In the context of (Fgr,, Fm), R(¢) takes the form

rotioy = a -+ XOl,0UY = a
rothoy = a

(R(e))

We call such equations and rules simple.

Theorem. Let (F,B) be a cf Gentzen frame and let € be a
{V, -, 1}-equation. Then (F,B) satisfies R(¢) iff FT satisfies ¢.

Theorem. All extensions of FL by simple rules enjoy cut elimination.

K. Terui. Which structural rules admit cut elimination? An algebraic
criterion. J. Symbolic Logic 72 (2007), no. 3, 738-754.

N. Galatos and H. Ono. Cut elimination and strong separation for
non-associative substructural logics, APAL 161(9) (2010),
1097-1133.

N. Galatos and P. Jipsen. Residuated frames and applications to
decidability, to appear in the Transactions of the AMS.
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FEP

Theorem. Every variety V of integral RL's (z < 1) axiomatized by
equartions over {V, -, 1} has the finite embeddability property (FEP),
namely for every A € V), every finite partial subalgebra B of A can
be (partially) embedded in a finite D € V.

The frame Fa p is generated by B (L is the submonoid of A
generated by B, R = S x B) with x N (u,b) iff u(x) <a b.
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namely for every A € V, every finite partial subalgebra B of A can =~ jtomecieandnucs
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The frame Fa p is generated by B (L is the submonoid of A A
generated by B, R = S1 x B) with x N (u,b) iff u(z) <a b. Then Compl - CE
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r FX g €V ’

Simple rules

3 + . g . + Hypersequents
= B embedsin F g via {}¥:B—>F P
+ CE for HFL
| F |S f|n|te Relativizing to InFL
/& FMP for InFL

N. Galatos and P. Jipsen. Residuated frames and applications to oo for DL

decidability, to appear in the Transactions of the AMS. CE fex (DL
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To handle Ps-equations, we define hypersequents, based on oupmodules and nucle
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CE for HFL

H ‘ S1 H | S9 Relativizing to InFL
FMP for InFL

H | S DFL
FEP for IDFL
CE for HDFL
where H is a (meta)variable for hyprsequents. Relativising

Conuclei

A hypersequent is a multiset s; | --- | s, of sequents s;.

Nikolaos Galatos, TACL'11, Marseille, July 2011 Relativising the substructural hierarchy — 19 / 28




Hypersequents

Substructiral logics and
residuated lattices

Outline
Residuated lattices

FL sequents stem from Nj-normal formulas. FL supports the Examples

Bi-modules

analysis of simple structural rules, which correspond to No-equations.  Formula hierarchy
To handle Ps-equations, we define hypersequents, based on oupmodules and nucle
attice frames

Po-normal formulas: (z1...2, = 20)V (Y1---Yn = Yo) V.. .. Residuated frames
GN

FL

Gentzen frames

Compl - CE

For every rule Frame applications
S1 S92 Equations
T Simple rules

FEP

of FL, the system HFL is defined to contain the rule

Hyper-frames
CE for HFL

H ‘ S1 H | S9 Relativizing to InFL
FMP for InFL

H | S DFL
FEP for IDFL
CE for HDFL

where H is a (meta)variable for hyprsequents. A hyperstructural rule Relavsing
is of the form

A hypersequent is a multiset s; | --- | s, of sequents s;.

H‘S1’|Sm
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Hyper-frames

Substructiral logics and
residuated lattices

I—— Outline
Residuated lattices
A hyperresiduated frame H = (L, R,F,0,¢,\, /, €) is defined by Sl
m FC H=(Lx R)*. We write I h instead of h €l-. T ey
m (L,o,e)is a monoid and € € R. Lattice frames
Residuated frames
m Forallz,ye L, ze R, he H, GN
FL
F(zoy,2) |h &F(y,z\2) |h &k (z,2/y) | b o
Frame applications
m | himpliest (z,y) | h for any (z,y) € L X R. i
m F(x,y) | (x,y) | h implies - (x,y) | h for any (z,y) € L x R. Eﬁgqt
We define r(H) = (L x H,R x H,N,e,(g;0),(¢;0)), where CEfrbil
H = (L x R)*. Then r(H) is a residuated frame. We define FMP for nfL
H'™ = r(H)". The hyper-MacNeille completion of a residuated e omL
lattice A is HX. CE for HDFL
Relativising
Conuclei
(z;h1) @ (y;he) = (zoy;hy | ho)
(T3 h1) \ (z5h2) = (z\ 250 | ho)
(z3h2) [ (z3h1) = (2 /x50 | ho)
(SE;hl) N (Z,hQ) & (x,z) | h1 ‘ hso.
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CE for HFL

Example. Based on HFL we define a hyperresiduated frame
Hypr, = (W, W’ k-, 0,¢,€), where

s1| ... | Sn <= FuarLsi| - | sn

Using the cut-free version of this frame, we can prove cut elimination
for HFL.

The Dedekind-MacNeille and the hyper-Dedekind-MacNeille
completions for N5 and P53 correspond in a strong way to modular
cut elimination and to conservativity of the infinitary logic.

A. Ciabattoni, NG, K. Terui. From axioms to analytic rules in
nonclassical logics, Proceedings of LICS'08, 229-240, 2008.

A. Ciabattoni, NG, K. Terui. Algebraic proof theory for substructural
logics: cut elimination and completions, to appear in APAL.
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Substructiral logics and
residuated lattices

Outline
Residuated lattices

Recall that O is of type N,,, hence ~x, —x : P, — N,,. Examples

Bi-modules

Formula hierarchy
Submodules and nuclei
Lattice frames

Residuated frames

GN

FL

Gentzen frames
Compl - CE

Frame applications
Equations
Simple rules
FEP
Hypersequents
Hyper-frames
CE for HFL
FMP for InFL
DFL

FEP for IDFL
CE for HDFL
Relativising

Conuclei

Nikolaos Galatos, TACL'11, Marseille, July 2011 Relativising the substructural hierarchy — 22 / 28




Relativizing to InFL
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Outline
Residuated lattices

Recall that O is of type N,,, hence ~x, —x : P, — N,,. Examples

Bi-modules

If we add a new type to negations ~x, —x : N, — P,, then we arrive = omu hierrchy

Submodules and nuclei

at a new notion of sequent (multiple conclusion). The operations at tattice frames
Residuated frames

the frame level corresponding to the negations are denoted by {}~ GN
and {}~. FL

Gentzen frames
Compl - CE
X O y =z N X O y = Z . Frame applications
( ) . ( ) Equations
r = 2 O y Simple rules
FEP
Hypersequents

y=x 0oz

Hyper-frames
CE for HFL
FMP for InFL
DFL

FEP for IDFL
CE for HDFL
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Residuated lattices

Recall that O is of type N,,, hence ~x, —x : P, — N,,. Examples

Bi-modules

If we add a new type to negations ~x, —x : N, — P,, then we arrive = omu hierrchy

Submodules and nuclei

at a new notion of sequent (multiple conclusion). The operations at Lattice frames

Residuated frames

the frame level corresponding to the negations are denoted by {}~ N
— FL
and {} | Gentzen frames
Compl - CE
oy = Z oy — Z o Frame applications
= (N) . ( ) Equations
y =X oz r = 20 y Simple rules
FEP
. . . . Hypersequents
An involutive (residuated) frame is a structure of the form Hyper-frames
~ CE for HFL
F=(L=R,N,o0,e,~,7), where
FMP for InFL
AY  — . . . . . DFL
m (L,o0,e,"7, ) is weakly_ bi-involutive monoid, namely oL
0 (L,o,€) is a monoid CE for HDFL
~ o~ Relativising
|:| i = r =X Conuclei
0 (y~oz™) =(y oz )" [=zdyY
m zoyNziffyNa~@ziffe Nzdpy , forall z,y,z € L
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FMP for InFL

Substructiral logics and
residuated lattices

Outline

Residuated lattices
Theorem The system InFL has cut elimination, FMP (and is Samples

I-moaules
decidable). Its simple extensions all have cut elimination. Formula hierarchy

Submodules and nuclei
Lattice frames

N. Galatos and P. Jipsen. Residuated frames and applications to et
decidability, to appear in the Transactions of the AMS. GN

FL
Gentzen frames
. . . . Compl - CE
HInFL, has cut elimination (via a syntactic argument, for now). Frame applications

Equations

A. Ciabattoni, L. Strassburger and K. Terui. Expanding the realm of  >™ple =

FEP
systematic proof theory. Hypersequents

Hyper-frames

CE for HFL
Relativizing to InFL
DFL

FEP for IDFL

CE for HDFL
Relativising

Conuclei
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DFL
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DFL

Recall that A: N,, x N,, > N,,. Ifweadd A: P, x P, —» P, as a
new type, then we arrive at a new notion of sequent. The operation
at the frame level corresponding to A is denoted by . We obtain
distributive sequents (Giambrone, Brady), and the calculus DFL.
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DFL

Nikolaos Galatos, TACL'11, Marseille, July 2011

Recall that A: N,, x N,, > N,,. Ifweadd A: P, x P, —» P, as a
new type, then we arrive at a new notion of sequent. The operation
at the frame level corresponding to A is denoted by V. We obtain
distributive sequents (Giambrone, Brady), and the calculus DFL.

A distributive residuated frame (dr-frame) is a structure
F=(L,R,N,o, //,\,e,®, ), ), where (L,0,¢) is a monoid
(L,@) is a semilattice, N C L x R and

s o L2 L \,N:LxR—L,/,J): RxL— R,
m zxoyNziffxNz [y iff yNx\ z.

m cPNyNziff eNzDy iff yNx Q) .

m zNw implies x ( yNw; and

Theorem. If F is a dr-frame then the Galois algebra

F* = (P(L),N,U,0,\,/,1), is a distributive residuated lattice.
DFL has cut elimination (also, all of its extensions with

{A,V, -, 1}-equations/rules). It also has the FMP.

N. Galatos and P. Jipsen. Cut elimination and the finite model
property for distributive FL, manuscript.
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FEP for IDFL

Substructiral logics and
residuated lattices

Outline

Residuated lattices
Let V be a subvariety of DIRL axiomatized over {V,A,-,1}. To S
establish the FEP for V), for every A in V and B a finite partial Formula hierarchy

subalgebra of A, we construct an algebra D = F 5 such that submodules and nuclel

Lattice frames

Residuated frames

+ GN
- FA,B eV FL
Gentzen frames
m B embeds in FX B Compl - CE
’ Frame applications
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_|_ . . . .
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Let V be a subvariety of DIRL axiomatized over {V,A,-,1}. To S
establish the FEP for V), for every A in V and B a finite partial Formula hierarchy
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Lattice frames
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Residuated frames
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’ Frame applications
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m F Is finite .
A.B FEP
Hypersequents

F g is defined by taking (L,o,®, 1) to be the {-, A, 1}-subreduct Hyper-frames

) CE for HFL
of A generated by B, R= S5 x B and z N (u,b) iff u(x) <a b. Relativizing to InFL
FMP for InFL
Theorem. (NG) Every subvariety of DIRL axiomatized over
{V,A,-,1} has the FEP. ;Zaf;rv;:anFL

Conuclei
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CE for HDFL
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We define distributive hyper-frames by allowing the relation - to GN
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Theorem. (Ciabbatoni-NG-Terui) The system HDFL has cut Frame applications
elimination. The same holds for all extensions by simple distributive g e
hyper-ryles corresponding to Ps3-equations on the distributive FEP

Hypersequents

h |era rc hy Hyper-frames
CE for HFL

In the process we discover a distributive hyper-MacNeille completion. ~ #i=ne ot
DFL
FEP for IDFL
Relativising

Conuclei

Nikolaos Galatos, TACL'11, Marseille, July 2011 Relativising the substructural hierarchy — 26 / 28



Relativising

Substructiral logics and
residuated lattices

Outline
Residuated lattices

We can pick any monotone term (like A) and give a new type to it.  Bameles

Bi-modules

Formula hierarchy
Submodules and nuclei
Lattice frames

Residuated frames

GN

FL

Gentzen frames
Compl - CE

Frame applications
Equations

Simple rules

FEP
Hypersequents
Hyper-frames

CE for HFL
Relativizing to InFL
FMP for InFL
DFL

FEP for IDFL

CE for HDFL

Relativising

Conuclei

Nikolaos Galatos, TACL'11, Marseille, July 2011 Relativising the substructural hierarchy — 27 / 28




Relativising

Substructiral logics and
residuated lattices

Outline
Residuated lattices

We can pick any monotone term (like A) and give a new type to it.  Bameles

Bi-modules

Formula hierarchy

At the frame level we introduce a new metalogical connective and We = sumodules and nuckei
add a rule/condition that introduces the new term on the left from Lattice frames

. Residuated frames

the new connective. GN
FL
Gentzen frames
Compl - CE
Frame applications
Equations
Simple rules
FEP
Hypersequents
Hyper-frames
CE for HFL
Relativizing to InFL
FMP for InFL
DFL
FEP for IDFL
CE for HDFL

Relativising

Conuclei

Nikolaos Galatos, TACL'11, Marseille, July 2011 Relativising the substructural hierarchy — 27 / 28




Relativising

Substructiral logics and
residuated lattices

Outline
Residuated lattices

We can pick any monotone term (like A) and give a new type to it.  Bameles

Bi-modules

Formula hierarchy

At the frame level we introduce a new metalogical connective and We = sumodules and nuckei

add a rule/condition that introduces the new term on the left from Lattice frames
. Residuated frames
the new connective. GN
FL
We can either write the rule (VL) with respect to the old context, or ~ Z=" =

with respect to the new context and assume distribution of the new  Frame applications

o G c c Equations
term over join. In the latter case, we work with a subvariety .
(distributive RL in our example). E'i;rsequents

Hyper-frames

CE for HFL
Relativizing to InFL
FMP for InFL

DFL

FEP for IDFL

CE for HDFL

Relativising

Conuclei

Nikolaos Galatos, TACL'11, Marseille, July 2011 Relativising the substructural hierarchy — 27 / 28




Relativising

Substructiral logics and
residuated lattices

Outline
Residuated lattices

We can pick any monotone term (like A) and give a new type to it.  Bameles

Bi-modules

Formula hierarchy

At the frame level we introduce a new metalogical connective and We = sumodules and nuckei
add a rule/condition that introduces the new term on the left from Lattice frames

Residuated frames

the new connective. GN
FL

Gentzen frames

We can either write the rule (VL) with respect to the old context, or Comnt . C
with respect to the new context and assume distribution of the new  Frame applications

o G c c Equations
term over join. In the latter case, we work with a subvariety .
(distributive RL in our example). E'i;rsequents

Hyper-frames

(Ciabbatoni-NG-Terui) Then cut elimination holds, and the hierarchy  ce for veL

extends on this basis. Hence, we can define hypersequents over the Relativizing to InFL
FMP for InFL

new structure etc. DFL
FEP for IDFL
CE for HDFL

Relativising

Conuclei

Nikolaos Galatos, TACL'11, Marseille, July 2011 Relativising the substructural hierarchy — 27 / 28




Relativising

Substructiral logics and
residuated lattices

Outline
Residuated lattices

We can pick any monotone term (like A) and give a new type to it.  Bameles

Bi-modules

Formula hierarchy

At the frame level we introduce a new metalogical connective and We = sumodules and nuckei
add a rule/condition that introduces the new term on the left from Lattice frames

Residuated frames

the new connective. GN
FL

Gentzen frames

We can either write the rule (VL) with respect to the old context, or Comnt . C
with respect to the new context and assume distribution of the new  Frame applications

o G c c Equations
term over join. In the latter case, we work with a subvariety .
(distributive RL in our example). E'i;rsequents

Hyper-frames

(Ciabbatoni-NG-Terui) Then cut elimination holds, and the hierarchy  ce for veL

extends on this basis. Hence, we can define hypersequents over the Relativizing to InFL
FMP for InFL

new structure etc. DFL
FEP for IDFL
CE for HDFL

Relativising

This can lead to a plethora of completions.

Conuclei

Nikolaos Galatos, TACL'11, Marseille, July 2011 Relativising the substructural hierarchy — 27 / 28




Relativising

Substructiral logics and
residuated lattices

Outline
Residuated lattices

We can pick any monotone term (like A) and give a new type to it.  Bameles

Bi-modules

Formula hierarchy

At the frame level we introduce a new metalogical connective and We = sumodules and nuckei
add a rule/condition that introduces the new term on the left from Lattice frames

Residuated frames

the new connective. GN
FL

Gentzen frames

We can either write the rule (VL) with respect to the old context, or Comnt . C
with respect to the new context and assume distribution of the new  Frame applications

o G c c Equations
term over join. In the latter case, we work with a subvariety .
(distributive RL in our example). E'i;rsequents

Hyper-frames

(Ciabbatoni-NG-Terui) Then cut elimination holds, and the hierarchy  ce for veL

extends on this basis. Hence, we can define hypersequents over the Relativizing to InFL
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new structure etc. DFL
FEP for IDFL
CE for HDFL

Relativising

This can lead to a plethora of completions.

Conuclei

We are working on the multiple conclusion case.
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Conuclei

Given a (P,\/, -, 1)-bimodule ((NV, \),\, /), each homomorphic
image is defined (up to isomorphism) by a co-nucleus: an interior
operator o over N that satisfies p\o(n) = o(p\n).

Substructiral logics and
residuated lattices

Outline
Residuated lattices
Examples
Bi-modules
Formula hierarchy
Submodules and nuclei
Lattice frames
Residuated frames
GN

FL

Gentzen frames
Compl - CE

Frame applications
Equations

Simple rules

FEP
Hypersequents
Hyper-frames

CE for HFL
Relativizing to InFL
FMP for InFL
DFL

FEP for IDFL

CE for HDFL

Relativising

Conuclei

Nikolaos Galatos, TACL'11, Marseille, July 2011 Relativising the substructural hierarchy — 28 / 28




Conuclei

Given a (P,\/, -, 1)-bimodule ((NV, \),\, /), each homomorphic
image is defined (up to isomorphism) by a co-nucleus: an interior
operator o over N that satisfies p\o(n) = o(p\n).

For residuated lattices A conuclei are interior operators o such that
o(x)-o(y) < o(x-y), namely their images are submonoids.

Substructiral logics and
residuated lattices

Outline
Residuated lattices
Examples
Bi-modules
Formula hierarchy
Submodules and nuclei
Lattice frames
Residuated frames
GN

FL

Gentzen frames
Compl - CE

Frame applications
Equations

Simple rules

FEP
Hypersequents
Hyper-frames

CE for HFL
Relativizing to InFL
FMP for InFL
DFL

FEP for IDFL

CE for HDFL

Relativising

Conuclei

Nikolaos Galatos, TACL'11, Marseille, July 2011 Relativising the substructural hierarchy — 28 / 28




Conuclei

Given a (P,\/, -, 1)-bimodule ((NV, \),\, /), each homomorphic
image is defined (up to isomorphism) by a co-nucleus: an interior
operator o over N that satisfies p\o(n) = o(p\n).

For residuated lattices A conuclei are interior operators o such that
o(x)-o(y) < o(x-y), namely their images are submonoids.

If we define A, = {o(z):z€ A}, x Ao y = o(z A y),
z\,y =o(z\y) and z/,y = o(x/y),

Aa — <A07 Noy Vs, \0'7 /O‘a 1>

Is also a residuated lattice.

Substructiral logics and
residuated lattices

Outline
Residuated lattices
Examples
Bi-modules
Formula hierarchy
Submodules and nuclei
Lattice frames
Residuated frames
GN

FL

Gentzen frames
Compl - CE

Frame applications
Equations

Simple rules

FEP
Hypersequents
Hyper-frames

CE for HFL
Relativizing to InFL
FMP for InFL
DFL

FEP for IDFL

CE for HDFL

Relativising

Conuclei

Nikolaos Galatos, TACL'11, Marseille, July 2011 Relativising the substructural hierarchy — 28 / 28




Conuclei

Nikolaos Galatos, TACL'11, Marseille, July 2011

Given a (P,\/, -, 1)-bimodule ((NV, \),\, /), each homomorphic
image is defined (up to isomorphism) by a co-nucleus: an interior
operator o over N that satisfies p\o(n) = o(p\n).

For residuated lattices A conuclei are interior operators o such that
o(x)-o(y) < o(x-y), namely their images are submonoids.

If we define A, = {o(z):z€ A}, x Ao y = o(z A y),
z\,y =o(z\y) and z/,y = o(x/y),

Aa — <A07 Noy Vs, \0'7 /O‘a 1>
Is also a residuated lattice.

(NG-Hortik) Conuclear frames arise from studying homomorphic
images of RRes(L), where L is a complete lattice (residuated
relations/maps on ).
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Given a (P,\/, -, 1)-bimodule ((NV, \),\, /), each homomorphic
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Is also a residuated lattice.

(NG-Hortik) Conuclear frames arise from studying homomorphic
images of RRes(L), where L is a complete lattice (residuated
relations/maps on L). All complete RLs arise as quotients of
RRes(L). (Cayley-type theorem, Holland-type theorem.)
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Given a (P,\/, -, 1)-bimodule ((NV, \),\, /), each homomorphic
image is defined (up to isomorphism) by a co-nucleus: an interior
operator o over N that satisfies p\o(n) = o(p\n).

For residuated lattices A conuclei are interior operators o such that
o(x)-o(y) < o(x-y), namely their images are submonoids.

If we define A, = {o(z):z€ A}, x Ao y = o(z A y),
z\,y =o(z\y) and z/,y = o(x/y),

Aa — <A07 Noy Vs, \0'7 /O‘a 1>
Is also a residuated lattice.

(NG-Hortik) Conuclear frames arise from studying homomorphic
images of RRes(L), where L is a complete lattice (residuated
relations/maps on L). All complete RLs arise as quotients of
RRes(L). (Cayley-type theorem, Holland-type theorem.)

Are we on our way to a new kind of proof theory?
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