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Aims of this talk

To present a short introduction to formal concept analysis

To define and to study concept algebras

To sketch a proof that the word problem in semiconcept
algebras is PSPACE-complete
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Formal concept analysis

A context for the planets

Objects: the nine planets (Mercury, Venus, etc)
Attributes: the seven properties (small, medium, etc)
Concepts: ordered pairs (A, B) where
» Ais a set of planets
» B is a set of properties
» A should contain just those planets sharing all
the properties in B
» B should contain just those properties shared
by all the planets in A
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Formal concept analysis

Contexts and concepts

Contexts, objects and attributes

Contexts: triples S = (Obj, Att,l) where Obj and Att are
nonempty sets and / C Obj x Att

S-objects: elements of Obj (X, Y, etc)
S-attributes: elements of Att (x, y, etc)



Formal concept analysis

Contexts and concepts

Polars and concepts

S-polars: for A C Obj and B C Att, define
» A ={x e Att: forall X € A, I(X,x)}
» B'={X € Opbj:forall x € B, I(X,x)}
S-concepts: pairs (A, B) where A C Obj — the extent — and
B C Att — the intent — are such that
» B=A
» A=8B

Concept lattice of a context S = (Obyj, Att, /)

C(S): set of all S-concepts
<! (A1,B1) < (A2, Bz) &= A1 C Az and By 2 B,



Formal concept analysis

Returning to the planets

small

medium

large

near

far

yes

: Mercury

: Venus

: Earth

: Mars

X|X|®|&®

X|IX|®|&®

- Jupiter

. Saturn

: Uranus

: Neptune

XX | X[ X|X]|X[|X

OO N[O O AW N —

: Pluto

X | X[ X]|X]|X

The concept ({1,2}, {small, near, no})




Formal concept analysis

Returning to the planets
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Formal concept analysis

Returning to the planets
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Concept algebras

Join, meet and complement of concepts in context S = (Obj, Att, /)

Join of concepts (A1, By) and (Az, By)
> ((AfUAR)", By N By)

Meet of concepts (A, By) and (A2, B)
> (A1NAg, (B UB)")

Complement of concept (A, B)
» (Obj\ A —)"? No since e is not always an extent
> (—,Alt\ B) ? No since e is not always an intent
» ((Obj\ A)",(Obj \ A)') ? No since e may intersect A
> ( ?

(Att\ B) ,(Att\ B)") No since e may intersect B



Concept algebras

Empedocle’s conception of the four elements

cold | moist | dry | warm
water X X
earth X X
air X X
fire X X




Concept algebras

Concept lattice of Empedocle’s conception of the four elements




Concept algebras

Concepts and semiconcepts

Contexts

» S = (Obj, Att, I) be a context
» A C Obj be a set of objects
» B C Att be a set of attributes

Concepts

» (A, B)is aS-conceptiff BB = Aand A = B

Semiconcepts

» (A, B)is a S-semiconcept iff B = Aor A =B



Concept algebras

Semiconcept algebra: example
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Concept algebras
Semiconcept algebra of context S = (Obj, Att, I)

Structure A(S) = (AS, L3, T2, T9, L2, =5, =2, VF A2 AT, V)
where AS is the set of all S’s semiconcepts and
> 19 = (0, Att)

> T7 = (Obj,0)

> TS — (Obj, Obf')

> L9 = (Att', Att)

> —7(A,B) = (Obj \ A (Obj \ A))

> ~S(A,B) = ((Att\ BY, Att\ B)

> (A1, By)Vi (A2, Ba) = (A1 U Ag, (A U Az)')
> (A1, B1)A7 (A2, Be) = ((By U B2)', By U Bp)
> (A, B1)/\79(A2, Bo) = (A1 N Az, (A1 NAR))
> (A1, B1)VS (A2, B2) = ((B1 N Ba), By N By)



Concept algebras

Semiconcept algebra: example
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Concept algebras

Semiconcept algebra: equational theory

Vris AC

V distributes over A,
“r(X Ve X) = —rx
XVr(YVry)=xVry
XVr(XAry)=XxV,rX
XVr(XA1Yy)=XVrXx
(X VoY) =XNArYy
—rlr= 1,

-l =Ty

1Vl =1,

XV X=T,
—rr(XVry)=XxV,y

(XVrX)N (X Ve X)= (XA X) V(XA X)

» Asis AC

» A, distributes over v,
> (X A X) =X

> XN (Y NY)=XNY
> XA (X Vi y)=XxN X
> XA (XVry)=XNA X
> (XA y) =XxViy
> Ly =T

> oy Tr=1

> TN Tr=1Ty

> XA\ X =1

> (XN Y)=XAY
>

>

XN X=X0rxXxVeXx=X



Concept algebras

Semiconcept algebra: representation theorem

Let S = (Obj, Att, ]) be a context

» If AS is the set of all S’s semiconcepts then the structure
A(S) = (AS, L9, T9, =7, -5, V¥, A7) is a semiconcept
algebra

Let A= (A L, Tr,—,—r, Vs, Ar) be a semiconcept algebra

» There exists a context S(A) = (Obj#, Att#, 1) such that
A is embeddable into the structure A(S(A)) = (A5,

LS TS S _S() S Sy



The word problem in semiconcept algebras



The word problem in semiconcept algebras
Syntax

We define terms as follows
> su=x |01, | —s|—rs|(sLyt)|(sMr1)

We define the following abbreviations

| 4 1/ = —/0/
> Or L= —r1r
> (s t) n=— (=L —t)

> (S ur t) = —r(—rs |_|r —rt)



The word problem in semiconcept algebras

Semantics

A valuation based on a semiconcept algebra A = (A, L, T,
=1, 7, Vi, Ar) is @ function

» :x—0(x)eA

6 induces a function 0: s — 6(s) € A as follows:

0(x) = 6(x)
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The word problem in semiconcept algebras

The word problem

Input:
» Terms s, t

Output:

» Decide whether s #£ t, i.e. whether there exists a valuation
0 based on a serrliconcept algebra A = (A, L, Tr, =y, v,
V1, Ar) such that 6(s) # 6(t)

Computational complexity:

» The word problem in semiconcept algebras is
PSPACE-complete



The word problem in semiconcept algebras

Solving the word problem

K?2: a basic 2-sorted modal logic:
» Syntax:
» Fu=P|L|-F|(FVG)|UOf
» fu=p| L|=f|(fVvg)|OF
» Semantics:
» M = (S, V) where S = (Obj, Att, ) is a context and:
» V: P— V(P)C Obj
> v:p— v(p) C Att
M, X = Piff X € V(P)
M, x Epiff x € v(p)
M, X = Of iff for all x € Att, if M, x |= f then Xix
M, x = OF iff for all X € Obj, if M, X = F then Xix

» The satisfiability problem for K2 is PSPACE-complete

v vy VvYy



The word problem in semiconcept algebras

Solving the word problem

Restriction of the syntax of K?:
> Fu=P| L|~F|(FVG)|DOf
» fu=1|-f|(fvg)|OF

Syntax of the word problem:
> su=x |01, | =8| —rs|(styt)| (s, 1)



The word problem in semiconcept algebras

Solving the word problem

A reduction from K? to the word problem:

» T(P) = Xi

> ( ) t(J—) = 1r

> (ﬁF) = —/T(F) t(—f) = —t(f)

» T(Fv @) =T(F)u, T(G) t(fvg)=tf)n-tg)

» T(Of ) === H(f)  HOF)=—, — — — T(F)

F is satisfiable iff T(F) £ 0,



The word problem in semiconcept algebras

Solving the word problem

Syntax of the word problem:
» su=x |0/ |1, ]| —/s|—rs|(sUst) | (s, 1)

Syntax of K?:
> Fu=P|L|~F|(FVG)|Of
> fu=p|L|~f|(fvg)|DOF



The word problem in semiconcept algebras

Solving the word problem

A reduction from the word problem to K?:

> F(xj) = P/ f(xi) = pi

» F(0) = f(0)=0L

» F(1,) = f(1,) =1

> F(—8) = ﬁF( ) f(—is) = O=F(s)

> F(=rs) =0f(s) f(—rs) = ~f(s)

» F(sut)=F(s)V F(t) f(sut) =0(F(s) Vv F(t))
> F(sn t) =0(f(s) V£(t))  f(sT - t)=1(s) V(1)

s £ tiff =(F(s) < F(t)) is p-satisfiable or —(f(s) < f(t)) is
p-satisfiable



Conclusion

What we have done

» PSPACE-completeness of the word problem in
semiconcept algebras

Open problems

» Tableaux-based procedure for deciding the word problem
in semiconcept algebras

» Unifiability of terms in semiconcept algebras
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