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Outline of my talk

e Substructural logics & Residuated
lattices

Substructural logics
Residuated lattices
Extensions: +modality

e Main result :

VC

BCRL, semisimple = discriminator
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&
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Substructural logics

e Substructural logics :
LJ (or LK) — structural rules,

(e: exchange, w: weakening, c: contraction)
- rules

— linear logic, relevant logic, fuzzy logic
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Basic substructural logic : FL

No structural rules
FL =LJ-{e, w, c}

(CFL =LK —-{e, w, c})
VA BEC I -C I, - C
'BBAFC TI,A FC A F C
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Sequent system : FL

afla F1, 0
A AVA 2 FC TR [, A FC
N, T,X }FC [ -C ,1,A FC
I FA A,B, £ |FC AT FC
N, T,A—B, X |C ' FA—C
A A,B, X }FC [V AFC
AN, B—AT,X FC ' FC—A

BIEREA FE e T fa e I FT P



AIST

Sequent system : FL

[ A BA FC I FA A B
[, AeB,A FC [, /A |A=B

[',AB), A FC L A T B

' AAB, A FC I FAAB

A, AFC I',B,AFC ' FA(B)

I',AVB, A C ' FAVB
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Basic substructural logics

e FL, FLe, FLw, FLew, ...

e FLew =FL + {e, w} =LJ —{c}
Monoidal logic (Fuzzy logic)
e FLe =ILL —{!,?}
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Basic results

e Cut elimination theorem :
FL, FLe, FLw, FLew, FLec, FLecw(= LJ)
(CFLe, CFLew, CFLec, CFLecw(= LK))
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Residuated lattices

« Definition : A= (A, s, —, —,A,V,1)
— (A, +, 1) : monoid
— (A, A, V) : lattice
— XYSZ OX=Szey ®Y=SX—7Z

* Pointed residuated lattice = FL-algebra
— A= (A, ¢ — <—,/\,\/,1 ,O)
— 0 : arbitrary but fixed element of A
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Basic facts

e The class of residuated lattices forms a
variety : RL

e Subvarieties :
—FL, CRL, IRL, ...

— Commutativity, integrality, increasing-idenpotency
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Substructural logics & Residuated
lattices

 Completeness theorem :
Algebras for FLx is FLx-algebras
(XxX=e,w, ew, ...)

e Lindenbaum construction :
Frm/~ A~B=A FBandB FA
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Algebra - Logic

e commutativity
 Integrality

<  exchange
<  weakening

* Increasing-idempotency &  contraction

 FLe, FLw-, FLew-algebra, ...
e Fle FLw, FlLew, ...
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Book

* Residuated Lattices: an algebraic glimpse
at substructural logics, P. Jipsen, T.
Kowalski, N. Galatos and H. Ono

—Residuated Lattices: an algebraic
glimpse at logics without contraction, T.
Kowalski and H. Ono (starting point for
the book)
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Extensions

o Substructural logics + modalities

— What is natural modalities in substructural
0gics?

— H. Ono, Modalities in substructural logics, a
oreliminary report

e Algebras for modal substructural logics =
Residuated lattices + operators

(cf. BAO’S)
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I’

FLe (

A

I’

A

BCRL)

FLe = FLe + S4-like modality

A T B

AT FB

Cut elimination theorem holds for

FLe
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[OFLe-algebras (COBCRL)

c A=(A -, —, A,V .,1,0,T, L,0)

— (A,
_ S4-
— 1=

=, AN,V ,1,0,T, L): FLe-algebra
ke modality

— LIX

1,

y = (X -y)
= X

— LIX

= X

—-x = y=>0x =0y

 The class of L1FLe-algebras forms a variety
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FLe & Modal FLe-algebras

 Completeness theorem :
—Algebras for LIFLe is [1FLe-algebras
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Congruence filter of L1FLe-algebra

 FiIs acongruence filter :

e <S>={x €A:x2[(s;Al)...

le F

X, yEF = XAy €EF

X, Xy €
X €EF =

- >y EF

X € F

(s, A1), s €S}
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Algebra basics

e V:variety Is semisimple
— All its algebras are semisimple

e AN

BCR

(

L, X € Rady, ©® Vnz213dm s.t,

—(

XA =1, x=x— L

e Als semisimple :
V X €A, not greaterthan 1, 3 n2 1, s.t.,

(

—(

XA 1) # 1 for any m
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Algebra basics

e V: variety Is discriminator

—The ternary discriominator Is a term
operation on every si algebra in V

t(x,y,z) =x Ifx=y
Zz otherwise
—Algebra with discriminator term is simple
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Algebra basics

e Discriminator variety = semisimple variety
* Discriminator variety V = V has the CEP

 DPC (definable principle congruence)
— A first order formula @, a,b,c,d in A
—(c,d)in O(a,b) ©® A |=P(a,b,c,d)

« EDPC (equational definable principle
congruence)
— If @ can be taken a finite set of equations

HITTREN EE S 1 e e B 20 T



AIST

Facts

* VIS congruence-permutative =
discriminator = semisimple + EDPC

If semisimple = EDPC
then discriminator = semisimple
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Some historical remarks

* Every free classical FLew-algebras Is
semisimple (Grishin)

he variety of FLew-algebras is

generated by Iits finite simple members
(Kowalski & Ono)

* Every free FLw-algebras is semisimple

he variety of

FLew-algebras is

generated by its finite simple members
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Some historical remarks

e V € FlLew, V Is discriminator
=V Is semisimple
= V satisfies that x V —(x") =1
X=X e...* X, N-times
(Kowalski2005)
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QVL

Goal of my talk

V Is semisimple
VI=OXAL)YV —(

BCRL, V Is discriminator

(XA 1)) "

for some natural number n
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L1EG ) & TIEM3 n)

(x A1) n*l

for any natural number n

e JE(1,n) :
(OKxA1) N =

e JEM(1,n) :
(xA1) V—(

(xA\ 1)) N =1

for any natural number n
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Proposition

e VV C[IBCRL, V has EDPC
=V has DPC
=V €[ E(1,n)
for some natural number n
=V |= (O (xA1)) "= (O(xA1)) "
for some natural number n
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Set up congruence

« AinVs.t. (O@A1L) "> L, a an element
not greater than 1

« &= Cg(a, 1); nonzero, nonfull, principal

= 3 B subcover

Lemma dm s.t.,

(

—(

aA1) ™l =z (O@AL))™

@A1) M =p(—(O@AL™ 2

(

(aA1) ™ =p—(0@AL)) ™
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A necessary condition for
semisimplicity
* V Is semisimple subvariety of L1BCRL,
V= 17
1= 0OxAL) =(—(—OKXALDHY
Suppose V falsifies {, Put O =V 6,
6r =Cg(—(—OxXADHK, 1)

K Is the smallest number V falsifies ﬂ
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Some lemmas

e 0 <0< «
e ViIs semisimple subvariety of [1BCRL,

V |= (

VI= 19 YES!

xAL1)Z(—(—OXAL)) )
for any k there exist r & |
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Function r

e Suppose

V [=(
er:N—

XAL)Z(—(—

N,

(XA 1))

r(i) the smallest number s.t., 31 €N with

VI=(

(xA1))=(—(—

(x A1) D))

e Lemma: r Is non-decreasing function
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Semisimple forces LIEM(1,n)

e | emma
V€ LIBCRL, semisimple,

V= (OKxAD) " =(@OxA1)"

for some natural number n
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Main theorem

e \V € [IBCRL, V Is discriminator
=V Is semisimple

=V |=O(XXAL)V-—-OKA 1) "
for some natural number n
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Corollary 1

eV € [1FLe, V Is discriminator
=V Is semisimple
=V |=0OxA1L)V—OKXA 1) "
for some natural number n
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Corollary 2

eV © [FLew, V Is discriminator
=V Is semisimple
=V |=0OxV— (@Ox)"
for some natural number n
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Corollary 3

e VV € FLew, V Is discriminator
=V Is semisimple
=V |=xV—x"
for some natural number n
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