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Definitions

Let n ∈ N. MVn denotes the variety of MV-algebras generated
by the chain Ln {

0
n − 1

,
1

n − 1
, . . . ,

n − 1
n − 1

}
.

Recall that Ld+1 is a subalgebra of Ln iff d is a divisor of n − 1.
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For each A ∈MVn there is:

a Boolean space X (A)

a meet homomorphism ρA from Div(n − 1) into the lattice
of closed subsets of X (A), satisfying ρA(n − 1) = X (A)

such that
A ∼= Cn(X (A), ρA)

where Cn(X (A), ρA) = {f : X (A) → Ln} and f (ρA(d)) ⊆ Ld+1.

Take X (A) = {χ : A → Ln} is isomorphic to the Stone space of
the Boolean algebra B(A).

For each d ∈ Div(n − 1) take

ρA(d) = {U = χ−1{1} ∩ B(A) : χ(A) ⊆ Ld+1}.
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Moisil operators

For every A ∈MVn, we can define the Moisil operators
σi : A → B(A) with i = 1, . . . n − 1.

In particular, when evaluated Ln they give:

σi(
j

(n − 1)
) =

{
1 if i + j ≥ n,

0 if i + j < n,
(1)

for i = 1, . . . , n − 1
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0 1
n−1 . . . n−2

n−1 1
σ1 0 0 . . . 0 1
σ2 0 0 . . . 1 1
...

...
...

...
...

...
σn−1 0 1 . . . 1 1
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The following properties hold in every A ∈MVn :

x ∈ B(A) if and only if x = σi(x) for some 1 ≤ i ≤ n − 1 if
and only if x = σi(x) for all 1 ≤ i ≤ n − 1.

σ1(x) ≤ σ2(x) ≤ . . . ≤ σn−1(x).
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B(FreeMVn(X ))

is the free Boolean algebra over the poset

Y := {σi(x) : x ∈ X , i = 1, . . . , n − 1}.

The correspondence

S ⊆ Y → US

where US is the boolean filter generated by the set
S ∪{¬y : y ∈ Y \S}, defines a bijection from the set of upwards
closed subsets of Y onto the ultrafilters of B(FreeMVn(X )).
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Consider the poset Y = {σi(x) : x ∈ X , i = 1, . . . , n − 1}. If S is
an upwards closed subset of Y then for each x ∈ X we have a
chain Cx of the form

Cx = σj(x) ≤ . . . ≤ σn−1(x)

for some 1 ≤ j ≤ n − 1 and S = ∪x∈X Cx .

Let Rn−1 be the set of upwards closed subsets of Y .
For each d ∈ Div∗(n − 1), let Rd ⊆ Rn−1 be such that

S = ∪x∈X Cx ∈ Rd

if for each x ∈ X we have #Cx
n−1 ∈ Ld+1.
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FreeMVn(X ) is isomorphic to the algebra of continuous
functions f from the Stone space of the free Boolean algebra
over the poset Y = {σi(x) : x ∈ X , i = 1, . . . , n− 1} into Ln such
that for each d ∈ Div∗(n − 1) and each S ∈ Rd , f (US) ⊆ Ld+1.
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Recall that

FreeMVn(X ) ∼= Cn(X (FreeMVn(X )), ρ)

where X (FreeMVn(X )) = {χ : FreeMVn(X ) → Ln}

and for each d ∈ Div(n − 1)

ρ(d) = {U = χ−1{1}∩B(FreeMVn(X )) : χ(FreeMVn(X )) ⊆ Ld+1}.
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We only need to prove that for each d ∈ Div∗(n − 1),

US ∈ ρ(d) iff S ∈ Rd
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Let US ∈ ρ(d). Then there is a homomorphism
χ : FreeMVn(X ) → Ld+1 such that

US = χ−1({1}) ∩ B(FreeMVn(X ))

Fix x ∈ X and let χ(x) = j
n−1 ∈ Ld+1. Thus

σi(x) ∈ S iff χ(σi(x)) = 1 iff σi(χ(x)) = 1

iff i + j ≥ n.

The chain Cx ⊆ S has cardinality j , thus #Cx
n−1 = j

n−1 ∈ Ld+1.

This happens for all x ∈ X . Hence if US ∈ ρ(d), then S ∈ Rd .
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Now let S ∈ Rd and x ∈ X , i.e., #Cx
n−1 ∈ Ld+1 for each Cx ⊆ S.

Let
χ : FreeMVn(X ) → Ln

by

χ(x) =
#Cx

n − 1
, for each x ∈ X .

Then
χ(FreeMVn(X )) ⊆ Ld+1.

We also have US = χ−1({1}) ∩ B(FreeMVn(X )). Therefore
US ∈ ρ(d).
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Examples

Let X be a finite set of cardinality r ∈ N.

Then the Stone space of B(FreeMVn(X )) is a discrete space
with nr elements (i.e, the cardinality of Rn−1).

For each S ∈ Rn−1 let

rS = {d : S ∈ Rd and S /∈ Rj for any j ∈ Div∗(d)}.

To every f ∈ FreeMVn(X ) we can assign an element

x ∈
∏

S∈Rn−1

LrS+1

such that xS = f (US).
It is not hard to check that the assignment is an bijective
homomorphism.
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Thus we conclude

FreeMVn(X ) ∼=
∏

d∈Div(n−1)

Lαd
d+1,

where for each d ∈ Div(n − 1), αd is the cardinality of the set
(Rd \ ∪k∈Div∗(d)Rk ).
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Thank you
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