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Introduction

A MTL-algebra is a structure A = (A,®, —,A,V, L, T) where:
o (A, A,V, L, T)is a bounded distributive lattice,

(A,®,T) is a commutative monoid,

e 1Oy <z z<z—yholds for every z,y,z € A,

(x = y)V(y — ) =T holds for every z,y € A.
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Introduction

A MTL-algebra is a structure A = (A,®, —,A,V, L, T) where:
o (A, A,V, L, T)is a bounded distributive lattice,

(A,®,T) is a commutative monoid,

e 1Oy <z z<z—yholds for every z,y,z € A,

(x = y)V(y — ) =T holds for every z,y € A.

In every MTL-algebra we can define further operations and abbreviations:

r=x— 1, r@y=-(-20-y), 2 =20x, 20=zxd.

MTL-algebras form the variety MTL.

Bl-algebras are MTL algebras that satisfy divisibility:
zx(z—=y) =yx*x(y— x).
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Introduction

A strongly perfect MTL-algebra (SBP-algebra) is any MTL-algebra
satisfying:
(DL) (2z)% = 2(=?).

(N) =(2)? = (m—2 — ) =1,

The class of SBP( forms a variety denoted by SBP.

We will denote BPy = MTL + (DL) (i.e. the variety generated by perfect
MTL-algebras).
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Introduction

Given an MTL-algebra A, the radical Rad(A) is the intersection of its
maximal filters.

The co-radical of A, coRad(A) ={x € A| -~z € Rad(A)}.
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Introduction
Given an MTL-algebra A, the radical Rad(A) is the intersection of its
maximal filters.
The co-radical of A, coRad(A) ={x € A| -~z € Rad(A)}.
In perfect MTL algebras A = Rad(A) U coRad(A).
In strongly perfect MTL-algebras coRad(A) = {—z | x € Rad(A)}.
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Introduction

Given an MTL-algebra A, the radical Rad(A) is the intersection of its
maximal filters.

The co-radical of A, coRad(A) ={x € A| -~z € Rad(A)}.

In perfect MTL algebras A = Rad(A) U coRad(A).

In strongly perfect MTL-algebras coRad(A) = {—z | x € Rad(A)}.
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Introduction

Notable subvarieties of SBP( algebras are:

e Pseudocomplemented MTL-algebras SMTL: MTL + zA—-2z=0

e Product algebras II: BL + —-zV ((z —z-y) = y) =1
o Godel algebras G: BL + z-z ==

o Involutive BPy-algebras IBPy : SBPy + —-—z ==

e The variety generated by perfect MV-algebras
DLMV : IBPy + zx(z—y)=y=*(y — )

e The variety generated by the nilpotent minimum algebra [0, 1]\{1/2}
NM~: IDL + =(z?)V(z —2?) =1
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Introduction

MTL
IMTL SBPg BL
IBPg MV SMTL
/\I
NM~ DLMV G IT
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MTL
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Introduction

A prelinear semihoop is an algebra H = (H, *, —, A, V, 1) such that:
e (H,x,1) is a commutative monoid,
e (H,A,V,1) is a lattice with top element 1,
e (x,—) forms a residuated pair,
e His prelinear: (x »y)V(y—>x)=1,forallz,ye H
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Introduction

A prelinear semihoop is an algebra H = (H, *, —, A, V, 1) such that:

e (H,,1) is a commutative monoid,

e (H,A,V,1) is a lattice with top element 1,
e (x,—) forms a residuated pair,
e His prelinear: (x »y)V(y—>x)=1,forallz,ye H

Notable subvarieties:

Basic hoops : PSH + zx(z—y) =y*(y—2)
Godel hoops : BH + =22

Wajsberg hoops : BH + -y —y=Wy—z)—z
Cancellative hoops: BH + z— (zxy)=y
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CH-Triples and product algebras

[Montagna - U., 2015]: The category P of product algebras is equivalent
to a category whose objects are triples (B, C, V. ), where B is a Boolean
algebra, C is a cancellative hoop and V. : B x C' — ( satisfies suitable
properties.
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CH-Triples and product algebras

[Montagna - U., 2015]: The category P of product algebras is equivalent
to a category whose objects are triples (B, C, V. ), where B is a Boolean
algebra, C is a cancellative hoop and V. : B x C' — ( satisfies suitable
properties.

Key idea Directly indecomposable product algebras are of the kind 2 ® C
[Cignoli, Torrens].
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Directly indecomposable SMTL and IBP, algebras
Any directly indecomposable SMTL algebra A is a lifting of a prelinear
semihoop H, A =2 ¢ H:

N

/N
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Directly indecomposable SMTL and IBP, algebras
Any directly indecomposable SMTL algebra A is a lifting of a prelinear
semihoop H, A =2 ¢ H:

N

/N

(

Any directly indecomposable IBP algebra A is a disconnected rotation of
a prelinear semihoop H, A = {0,1} x H:

7
A4

0
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Directly indecomposable SBP, algebras

More in general, every directly indecomposable SBP( algebra can be
obtained starting from a prelinear semihoop H, using a a weakening of
Cignoli-Torrens dl-admissible operator 4.
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Directly indecomposable SBP, algebras

More in general, every directly indecomposable SBP( algebra can be
obtained starting from a prelinear semihoop H, using a a weakening of
Cignoli-Torrens dl-admissible operator 4.

We shall call a map 6 : H — H w-admissible iff for all a,b € H:

a—d(a) =1, 0(6(a)) = a,
d0a—=0b) < a— ), d0(axb) = 6(6(a)=4d(b)),
d(and) = b(a) AO(D), d(aVvd) = d(a) V).

Observation: the weakened condition allows to get rid of Glivenko
equation ~—(——z — x) = 1.
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Directly indecomposable SBP, algebras

More in general, every directly indecomposable SBP( algebra can be
obtained starting from a prelinear semihoop H, using a a weakening of
Cignoli-Torrens dl-admissible operator 4.

We shall call a map 6 : H — H w-admissible iff for all a,b € H:

a—d(a) =1, 0(6(a)) = a,
d0a—=0b) < a— ), d0(axb) = 6(6(a)=4d(b)),
d(and) = b(a) AO(D), d(aVvd) = d(a) V).

Observation: the weakened condition allows to get rid of Glivenko
equation ~—(——z — x) = 1.
Examples

e 6p(a) =aforallac H.

e §r(a)=1foralla € H.
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Directly indecomposable SBP, algebras

Any directly indecomposable SBPy-algebra is isomorphic to one with
domain {0} x §(H)U {1} x H:
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Directly indecomposable SBP, algebras

Any directly indecomposable SBPy-algebra is isomorphic to one with
domain {0} x §(H)U {1} x H:

A
\/J(m
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Directly indecomposable SBP, algebras

In particular, with d;, and dp we obtain respectively directly
indecomposable SMTL and IBP, algebras.

Indeed, 6, (H) = {1} and 6p(H) = H.

4 AN
ﬂl H H H
0 04'_[*-” \W/‘;D[H)

0
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Directly indecomposable SMTL and IBP, algebras

A

/N

9

Every a € A d.i. SMTL-algebra is such that a = b A ¢, where b € {0,1},
ce .
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Directly indecomposable SMTL and IBP, algebras

A

/N

9

Every a € A d.i. SMTL-algebra is such that a = b A ¢, where b € {0,1},

A
A4

0

Every a € A’ d.i. IBPg-algebra is such that a = (b A c) V (=b A —¢), where
be{0,1},ce H.
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Directly indecomposable SBP, algebras

A\
Y

In general, every a € A d.i. SBPy-algebra is such that
a=(bAc)V (=bA-c), where b e {0,1}, c€ H.
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Directly indecomposable SBP, algebras

A\
Y

In general, every a € A d.i. SBPy-algebra is such that
a=(bAc)V(=bA-c), where be {0,1}, c€ H.

Since this equation hold in any directly indecomposable SBP( algebra, it
holds for any algebra of the variety.
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SBP, algebras decomposition

Let A be a SBP algebra, then to each a € A we can associate a pair
(b, c) where b is boolean and ¢ is an element of the greatest prelinear
sub-semihoop of A.
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SBP, algebras decomposition

Let A be a SBP algebra, then to each a € A we can associate a pair
(b, c) where b is boolean and ¢ is an element of the greatest prelinear
sub-semihoop of A. Moreover, we can uniquely associate to A the pair
(BA, HA):

o By={xe€ AlxV-x =1} is the dominium of the greatest Boolean
subalgebra, or the Boolean skeleton, of A.

o Hy ={x € Alx > -z} is the dominium of the greatest prelinear
semihoop contained in A, that is exactly Rad(A).

Sara Ugolini Strongly perfect MTL-algebras via Boolean algebras and prelinear semihoops 20/35



SBP, algebras decomposition

Let A be a SBP algebra, then to each a € A we can associate a pair
(b, c) where b is boolean and ¢ is an element of the greatest prelinear
sub-semihoop of A. Moreover, we can uniquely associate to A the pair
(BA, HA):

o By={xe€ AlxV-x =1} is the dominium of the greatest Boolean
subalgebra, or the Boolean skeleton, of A.

o Hy ={x € Alx > -z} is the dominium of the greatest prelinear
semihoop contained in A, that is exactly Rad(A).

But a pair (B, H) does not uniquely determine A.
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PSH-triples

A prelinear semihoop triple, a PSH-triple, is a triple (B, H, V.) where B is
a Boolean algebra, H is a prelinear semihoop such that BN H = {1}, and
V¢ is a map from B x H into H such that:

(V1) For fixed b€ B and ¢ € H:

the map hy(z) = bV, x is an endomorphism of H,

the map k.(x) = = V. c is a lattice homomorphism from B into H.
(V2) hy is the identity on H,

hy is constantly equal to 1.

(V3) For all b,b’ € B and for all ¢, € H,
hb(C) V hy (CI) = hpvpy (C \Y C/) = hb(hb/ (C V CI)).
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The category of PSH-triples

A good morphism pair from a PSH-triple (B, H, V. ) to another PSH-triple
(B',H',V.) is a pair (h, k) where:

€

e h is a homomorphism from B to B’,
e k is a homomorphism from H to H’,
o forallz € Bandy € H, k(zV.y) = h(z) V. k(y).

The category Tpsu of PSH-triples has PSH-triples as objects and good
morphism pairs as morphisms, with composition defined componentwise:
(hyk)o (W, k'Y= (hoh/,kok’).
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The category of PSH-triples

A good morphism pair from a PSH-triple (B, H, V. ) to another PSH-triple
(B',H',V.) is a pair (h, k) where:

e h is a homomorphism from B to B’,
e k is a homomorphism from H to H’,
o forallz € Bandy € H, k(zV.y) = h(z) V. k(y).

The category Tpsu of PSH-triples has PSH-triples as objects and good

morphism pairs as morphisms, with composition defined componentwise:
(hyk)o (W, k'Y= (hoh/,kok’).

We can define a functor ® from the category of SBPy-algebras SBP, to
Tesu as follows:

° (I)(A) = (BA,HA,\/)
* ©(f) = (fis, fiu,)
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Inverting ®: building a SBP(-algebra

Let (B,H, V) be a PSH-triple, and let § be a w-admissible operator on
H. We define (b,¢) ~. (b, ) iff

b=, -bVec=-bV. and bV.d(c)=0bV,.d)
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Intuition: When two pairs (b, ¢) and (V',¢’) represent the same element?
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Inverting ®: building a SBP(-algebra
Let (B,H, V) be a PSH-triple, and let § be a w-admissible operator on
H. We define (b,¢) ~. (b, ) iff
b=, -bVec=-bV. and bV.d(c)=0bV,.d)

Intuition: When two pairs (b, ¢) and (V',¢’) represent the same element?
In a SMTL algebra, a pair (b, ¢) intuitively represent the element of the
SBPg algebra b A c.

Hence, for instance, all pairs of the kind (0, c) for any ¢ € H represent the
same element.
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Inverting ®: building a SBP(-algebra

Let (B,H,V,.) be a PSH-triple, and let § be a w-admissible operator on
H. We define (b, ¢) ~. (U, ) iff
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Inverting ®: building a SBP(-algebra

Let (B,H,V,.) be a PSH-triple, and let § be a w-admissible operator on
H. We define (b, ¢) ~. (U, ) iff

b=1b, “bVec=-bV,c and bV.d(c)=0bV.d()

B@'H=((BxH)/~e,®,=,M,1,0,1],[1,1])
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Inverting ®: building a SBP(-algebra

Let (B,H,V,.) be a PSH-triple, and let § be a w-admissible operator on
H. We define (b, ¢) ~. (U, ) iff

b=1b, “bVec=-bV,c and bV.d(c)=0bV.d()
B@)H=((BxH)/~e®,=,MNL,[0,1],[1,1])
where, for all (b,¢), (b',c') € B x H:

(bo)o (¥, ¢) =

(b Ab hb\/b’( ) A hbv_\b/(Cl — C) A hﬂbvb/(c — Cl) AN hﬂb\/ﬂb/(c * Cl));

(b,c) = (V,c') =

(b — b , hover (5( ) A hbvﬁb/(l) A h_‘b\/b/6(c * C,) A h_py—p (C — C/));
(b,o) 1 (b, ) =

(b A b hb\/b’( V C/) A hbvﬁb/ (C) N hﬁb\/b/ (C/) A hﬁb\/ﬁb/ (C A CI));

(bie) LI (V) =

(b \Y b hb\/b’ (C NcC ) A hb\/ﬁbl (C/) N hﬁb\/b/ (C) AN hﬁb\/ﬁb/ (C \Y C/)).

Where hy : H — H, hy(c) =bVecforallbe Band ce H.
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Inverting ®: functor =°

Theorem
B ®% H is a SBPy-algebra, for every § w-admissible operator on H.
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Inverting ®: functor =°

Theorem
B ®% H is a SBPy-algebra, for every § w-admissible operator on H.

Moreover, as expected:
e B®J: His a SMTL-algebra,
e B> His a IBP;-algebra.
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Inverting ®: functor =°

Theorem
B ®% H is a SBPy-algebra, for every § w-admissible operator on H.

Moreover, as expected:
e B®J: His a SMTL-algebra,
e B> His a IBP;-algebra.

We define functor Z°¢ (or Z°2) from Tpgy into SMTL (or IBP,
respectively) as follows:

e Z0u.0(B,H,V,) =B&*” C

o 2002 (h, k)([b. c]) = [h(b), k(0)].
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Categorical equivalences
Let H be a variety of prelinear semihoops.
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Categorical equivalences
Let H be a variety of prelinear semihoops.

Let Ty be the full subcategory of Tpsy whose objects are triples
(B,H,V,.) where H € H.
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Categorical equivalences
Let H be a variety of prelinear semihoops.

Let Ty be the full subcategory of Tpsy whose objects are triples
(B,H,V,.) where H € H.

Let SMTLy and IBPgy be the full subcategory respectively of SMTL and

IBPy consisting of algebras A such that the maximum sub-semihoop
Hp € H.

Sara Ugolini Strongly perfect MTL-algebras via Boolean algebras and prelinear semihoops 26/35



Categorical equivalences
Let H be a variety of prelinear semihoops.

Let Ty be the full subcategory of Tpsy whose objects are triples
(B,H,V,.) where H € H.

Let SMTLy and IBPgy be the full subcategory respectively of SMTL and
IBPy consisting of algebras A such that the maximum sub-semihoop
Hp € H.

Suitably restricting the functors, we can prove the following.
Theorem
Given any H subvariety of PSH, it holds:

e (®,Z%) provide a categorical equivalence between SMTLy and Ty.

e (®,2%2) provide a categorical equivalence between IBPyy and T.

Corollary

For every H subvariety of PSH, SMTILy and IBPyy are categorically
equivalent.
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Special cases

PSH-Triples Let H be the variety of prelinear semihoops.
We have that SMITL is categorically equivalent to IBP.

Sara Ugolini Strongly perfect MTL-algebras via Boolean algebras and prelinear semihoops 27/35



Special cases

PSH-Triples Let H be the variety of prelinear semihoops.
We have that SMITL is categorically equivalent to IBP.

CH-Triples Let H be the variety of cancellative hoops.
Let B be a Boolean algebra and C € H.
Then B ®%: C is a product algebra, B®%> C is a

DLMV-algebra, hence the category of product algebras is
equivalent to the category of DLMV algebras DLMV.
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Special cases

PSH-Triples Let H be the variety of prelinear semihoops.
We have that SMITL is categorically equivalent to IBP.

CH-Triples Let H be the variety of cancellative hoops.
Let B be a Boolean algebra and C € H.

Then B ®%: C is a product algebra, B®%> C is a
DLMV-algebra, hence the category of product algebras is
equivalent to the category of DLMV algebras DLMV.

GH-Triples Let H be the variety of Godel hoops.
Let B be a Boolean algebra and H € H.

B ®% H is a Godel algebra, B ®> H is a NM~-algebra,
and the category of Godel algebras G is equivalent to NM ™.
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Subvarieties of MTL-algebras

MTL
IMTL SBPg BL
IBPg MV SMTL
NM~ DLMV G
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Reaching all strongly perfect MTL-algebras

Fix any H subvariety of PSH, and let Qy be the following category:

e The objects are quadruples (B, H, V., ) where H € H,
(B,H,V,.) € Tg and 6 : H — H w-admissible.

e The morphisms are pairs
(f,9) : (B1,H1, V[, 61) = (Bg, Ha, VZ,02), such that:
® (f,9) is a good morphism pair from (B1, Hy,V.) to (B2, Hz, V)
@ for all z € Hy, g(d1(z)) = d2(g(x)).
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The general equivalence theorem

Let SBPPgy be the full subcategory of SBP, consisting of algebras A such
that H, € H.

Again, we can generalize our functors and prove the following.

Theorem
Given any H subvariety of PSH, SBPoy and Qu are categorically
equivalent.

Hence in particular, SBPy and Qpsy are categorically equivalent.
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Weak Boolean product

Now we focus on the construction.

Given A a SBPy-algebra, for each p € Max B, let
Op ={(c,d) e HpA xHp st.Fbep | -bVec=-bV.}.

Each ©, is a congruence of Ha, moreover it holds:

Theorem
Every SBPy-algebra A is a subdirect product of the indexed family

Ba/p ®) Ha/O,

for some w-admissible operator §, and for p € MaxBa .
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Weak Boolean product

Definition
A weak Boolean product of an indexed family (A;)zex, X # &, of
algebras is a subdirect product A < erX A, where X can be endowed

with a Boolean space topology such that:
@ [z = y] is open for x,y € A.
® If z,y € A and N is a clopen subset of X, then Ty Uy y € A.

If [x = y] is clopen, A <] .y Ax is a Boolean product.

32/35
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Weak Boolean product

Definition

A weak Boolean product of an indexed family (A;)zex, X # &, of
algebras is a subdirect product A < erX A, where X can be endowed
with a Boolean space topology such that:

@ [z = y] is open for x,y € A.
® If z,y € A and N is a clopen subset of X, then z|, Uy € A.
If [x = y] is clopen, A <] .y Ax is a Boolean product.

We can prove that our construction is a weak Boolean product:

Theorem
Every SBPy-algebra A is a weak Boolean product of the indexed family

Ba/p ®) Ha/O,

for some w-admissible operator §, and for p € MaxBa .
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Weak Boolean product

In particular we can exhibit the equalizer:

(1) Let Ny = {p € MaxBya | b€ p} for b € Ba.
Those sets are the basis of the topology.

We have that the equalizer [« = y] is open since it is equal to:

0= (Nbl NN, 0 Nb> U (Nﬁbl NN, N | Nﬁb/> .

beB; —b’€B2

Where we have by,by € Ba, c¢1,c2 € Ha such that:
x = (=by Ver) A (b V—er),

y = (mba Vea) A (ba V —ea).

By={beBa | bVec =-bVer}

By ={-V €BA |V V-1 =V V-ea}.
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Weak Boolean product

Notice that if B is complete,

U N, = Ny« and U Ny = Npes
be By —-b’€By

where b* = \/,_p band b =\/_,, 5 V.
Hence, O = [x = y] is clopen and we have a Boolean product.

Note: This does not characterize SBP-algebras with complete Boolean
skeleton. Ex: it also holds in the case that A is the direct product of the
family Ba/p ®° Ha /p, for p € MaxBa, where B need not be
complete.
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Other ideas and future work

e Generalize the hoop.

In order to have our construction, it seems that we only need H to be
a distributive integral lattice.

e Substitute the Boolean algebra.

We need a distributive lattice, whose dual space is compact.
Finite MV algebras?
Finite Godel algebras in order to obtain ordinal sums?

e Sheaf representation?
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