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Preliminaries

Classical Predicate Logic
Syntax: Primitive symbols (∀,∃,¬,∨,∧) + vocabulary ϑ

Examples of Sentences: ∀xPx , ∀x∃yRxy , etc.
Semantics: 2-valued (for every structure, we get a mapping
from sentences into {0,1}).

Full vocabulary
Valid sentences are recursively enumerable (Gödel)
Undecidability of valid sentences (Church, . . . )
FO2 is decidable: “effective fmp” holds (Scott, Mortimer)
FO3 is undecidable (Surányi, . . . )

Monadic vocabulary: P1,P2,P3, . . .

Decidability of valid sentences: filtration method provides
an “effective fmp” (Löwenheim).
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Preliminaries

Predicate Łukasiewicz (standard) Logic
Syntax: Primitive symbols (∀,∃,¬,∨,∧,→) + vocabulary ϑ

Definable symbols: �,⊕,	,etc.
Examples of Sentences: ∀xPx , ∀x∃yRxy , etc.
Semantics: [0,1]-valued (for every structure, we get a
mapping from sentences into [0,1]).

∀xPx =

0.2

∃x(Px ∨ ¬Px) =

1
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Preliminaries

Three semantics using MV-chains
Standard (stL∀): [0,1]-valued
General (genL∀): A-valued (where A is an arbitrary
MV-chain) structures requiring “safeness” condition (all
formulas in ϑ have a truth value).
Supersound (spsL∀): A-valued (where A is an arbitrary
MV-chain) structures only requiring the existence of the
value of your formula.

Some Trivial Remarks

spsL∀ ⊆ genL∀ ⊆ stL∀
Safeness holds when A is complete (e.g., A finite).
Safeness holds in the following cases: finite structures,
structures where the range of vocabulary symbols is finite
(“secure”), witnessed structures.
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Preliminaries

Full vocabulary
genL∀ is Σ1-complete (Chang, Belluce)
stL∀ is not in Σ1 (Scarpellini)
stL∀ is Π2-complete (Ragaz)
stL∀ =

⋂
n∈ω Taut(Ln) = Taut([0,1] ∩Q). (Rutledge)

General and standard semantics are complete for
witnessed structures (Hájek)

Monadic vocabulary: P1,P2,P3, . . .

stL∀ is in Π1. Filtration method shows fmp (i.e., if ϕ 6∈ stL∀
then it is not valid in some finite [0,1]-structure) (Hájek)
standard and general semantics coincide for FO1, and it is
decidable (Rutledge)
standard and general semantics coincide for “classical
formulas” (i.e., ∀,∃,¬,∧,∨), and this fragment is decidable.
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Preliminaries

From Scarpellini’s (and Ragaz) result it follows that there
are sentences which are standard tautologies while not
general tautologies, but his proof do not provide us any
explicit example.

Only very recently an explicit formula with this property has
been given (by Hájek), but it requires quite a lot of
machinery.

A problem for this talk
Is there some “simple” sentence which is a standard
Łukasiewicz tautology but not a general Łukasiewicz tautology?
Can we write one?

For the BL case, ∀x(Px � Px)→(∀xPx � ∀xPx) does it.
Intuition: In the monadic case, general Łukasiewicz semantics
behaves like arbitrary classical models, while standard
Łukasiewicz semantics behaves like finite classical models

.
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Undecidability of Monadic Predicate Łukasiewicz

A related problem
Is the monadic fragment of stL∀ decidable?

Next, we will sketch a proof that this fragment is Π1-complete.
We stress that we will not need a countable number of monadic
predicate symbols.
But first of all, let me make some historical remarks about this
problem.
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Undecidability of Monadic Predicate Łukasiewicz
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Undecidability of Monadic Predicate Łukasiewicz

70�����������������

110 F. Montagna

Let D = N, and define for every atomic formula � of LPA with parameters in D,
e(�) = 1 if N |= �, and e(�) = 0 otherwise. Then clearly e(�◦) = 0.

Now define e(U(n)) recursively by e(U(∅)) = ( 1
2

)
C , and e(U(n + 1)) =

(
U(n)+3

4

)

C
. Note that for all n ∈ N,

( 1
2

)
C ≤ e(U(n)) < e(U(n + 1)) < 1C .

Thus for all n ∈ N, e(U(n)) ∈ W \ {1}. Moreover e
(
U(n+ 1)2

) = e(U(n))+1
2 >

e(U(n)). Hence for every n ∈ N, e(U(n)2 → ∀x ≺◦ nU(x)) < 1C . It follows
that e(2) = 1C < 1, because C is not the last component. Also, it is easily seen
that e(
) = 1 and e(F ) = ( 1

2

)
C , therefore e(
 → (�◦ ∨ F)) = ( 1

2

)
C . We have

seen that e(2) = 1C . Finally, for every n ∈ N, e
(
U(n) → F 2

) ≤ ( 1
2

)
C , and

e(U(n) ↑ F) = e(U(n)). Thus e(1) = sup{e(U(n)) : n ∈ N} = 1C < 1. Hence
e(��) = 1C < 1. ��
It follows:

Theorem 4.4. Let ⊕ denote the operation of taking the ordinal sum, and let C
be a class of t-norm BL-algebras containing an element not isomorphic to any of
[0, 1]G, [0, 1]L, [0, 1]L⊕ [0, 1]G, [0, 1]G⊕ [0, 1]L, [0, 1]L⊕ [0, 1]L and [0, 1]L⊕
[0, 1]G ⊕ [0, 1]L. Then T aut (C∀) is not arithmetical.

Proof. If a t-norm algebra among the ones shown above, then either it contains a
product t-norm component or it contains a Łukasiewicz t-norm component which
is neither the first component nor the last component. The claim follows. ��
Problem. Is any of the sets T aut ({[0, 1]G ⊕ [0, 1]L}), T aut ({[0, 1]L ⊕ [0, 1]G}),
T aut ({[0, 1]L ⊕ [0, 1]L}), and T aut ({[0, 1]L ⊕ [0, 1]G ⊕ [0, 1]L}) arithmetical?

5. Monadic predicate t-norm logics

It is well-known that monadic classical predicate logic is decidable. In [BCF] it is
shown that the monadic predicate Gödel logic over [0, 1] (i.e., the set of monadic
predicate formulas which are valid in [0, 1]G) is undecidable. More generally, it
makes sense to ask for which sets C of t-norm BL-algebras the set T autM(C∀) of
monadic predicate formulas valid in all algebras in C is decidable.

Theorem 5.1. If C is not included in {[0, 1]L, [0, 1]�}, then T autM(C∀) is unde-
cidable.

Proof. We will recursively reduce the theory T of two equivalence relations to
T autM(C∀). Since T is undecidable ([Ro]), the claim will follow. Let P, Q and
H be unary predicate symbols, and let R ≡ ∃xH(x). Let E and S denote the binary
predicate symbols of T representing the two equivalence relations. We define for
every monadic formula � (possibly with parameters) of L, a formula �+ in the
following inductive way:

If � ≡ E(a, b) (where a and b are either variables or parameters) then �+ =
(P (a) ↔ P(b)) ∨ R.
If � ≡ S(a, b), then �+ ≡ (Q(a) ↔ Q(b)) ∨ R.

*��1SRXEKRE��%6',�����������������
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every monadic formula � (possibly with parameters) of L, a formula �+ in the
following inductive way:

If � ≡ E(a, b) (where a and b are either variables or parameters) then �+ =
(P (a) ↔ P(b)) ∨ R.
If � ≡ S(a, b), then �+ ≡ (Q(a) ↔ Q(b)) ∨ R.
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Undecidability of Monadic Predicate Łukasiewicz

Interpretability Method
β(x , y) is an arbitrary formula with just two free variables
and which only involves unary predicate symbols (perhaps
several)
Bival(β) is the sentence ∀x∀y(β(x , y) ∨ ¬β(x , y)).
ϕ is a classical sentence (i.e., it only involves ∀,∃,¬,∧,∨)
which only uses a binary predicate symbol R.
ϕ(R|β) is the result of replacing all Rxy with β(x , y).

Lemma (A Uniform Statement on β’s)
1 If ∅ |=fin ϕ, then 2.(¬Bival(β) ∨ ϕ(R|β)) ∈ stL∀.
2 If ∅ |= ϕ, then 2.(¬Bival(β) ∨ ϕ(R|β)) ∈ spsL∀.

[∈ spsMTL∀]

Sketch of the Proof: Given any fuzzy A-structure M such that
[[β(a,b)]]M is never 0.5, then take the classical structure M/2 by

R(a,b) = 1, if [[β(a,b)]]M > 0.5
R(a,b) = 0, if [[β(a,b)]]M < 0.5
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Undecidability of Monadic Predicate Łukasiewicz

Take now β(x , y) := (∀xPx)� (Px→Py).

Theorem
Let Φlo be the first-order sentence (with a binary predicate
symbol R) axiomatizing the theory of (classical) linear orders.
Then,

Φlo |=fin ϕ iff 2.(¬Bival(β) ∨ (¬Φlo ∨ ϕ)(R|β)) ∈ stL∀.

The same theorem holds if we use

β′(x , y) := (∀xPx)� (Px ↔ Py), and
the sentence Φeq axiomatizing the theory of one
equivalence relation.
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Undecidability of Monadic Predicate Łukasiewicz

β1(x , y) := (∀xP1x)� (P1x→P1y).

β2(x , y) := (∀xP2x)� (P2x→P2y).

Theorem
Let Φ2lo be the first-order sentence (with binary predicate
symbols R1 and R2) axiomatizing the theory of two (classical)
linear orders. Then,

Φ2lo |=fin ϕ, iff
2.(¬Bival(β1)∨¬Bival(β2)∨(¬Φ2lo∨ϕ)(R1|β1,R2|β2)) ∈ stL∀.

Corollary
Monadic Predicate standard Lukasiewicz Logic with two unary
predicate symbols is undecidable.
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Undecidability of Monadic Predicate Łukasiewicz

β1(x , y) := (∀xPx)� (Px→Py)

pred1(x , y) :=(
R1yx ∧ ∀zR1xz

)
∨
(
R1yx ∧ ¬R1xy ∧ ∀z(R1zy ∨ R1xz)

)
[this defines a total function on finite linear orders]
predβ1(x , y) :=(
β1yx ∧ ∀zβ1xz

)
∨
(
β1yx ∧ ¬β1xy ∧ ∀z(β1zy ∨ β1xz)

)
δ(x , x ′, y , y ′) := (∀xPx)� ((Px 	 Px ′)→(Py 	 Py ′))

β2(x , y) := ∃x ′∃y ′(predβ1(x , x ′)∧predβ1(y , y ′)∧δ(x , x ′, y , y ′))

Theorem
Let Φ2lo∗ be the first-order sentence (with binary predicate
symbols R1 and R2) axiomatizing the theory of two (classical)
linear orders with the same minimum element. Then,

Φ2lo∗ |=fin ϕ, iff
2.(¬Bival(β1)∨¬Bival(β2)∨(¬Φ2lo∨ϕ)(R1|β1,R2|β2)) ∈ stL∀.
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Undecidability of Monadic Predicate Łukasiewicz

Corollary
Monadic Predicate standard Łukasiewicz Logic with just one
unary predicate symbol is undecidable. Indeed, four variables
are enough for undecidability.

Corollary
There is a sentence with only one unary predicate symbol P and
at most four variables that is a standard Łukasiewicz tautology
but not a general Łukasiewicz tautology.
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Undecidability of Monadic Predicate Łukasiewicz

Undecidability of General semantics

Providing a characterization for the general semantics
seems (due the safeness condition) much more difficult.

Fortunately, finitely inseparability of the theory of two linear
orders (a particular case of “recursive inseparability”) helps
to avoid this difficulty.

Theorem
Let ϑ be the vocabulary with one one unary predicate symbol.
Then,

spsL∀ is recursively inseparable from stL∀. This means
there is no recursive set X such that spsL∀ ⊆ X ⊆ stL∀.
spsMTL∀ is recursively inseparable from stL∀.
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Distinguishing standard from general tautologies

Let us suppose there is a positive answer to the previous
question, and let us consider the sentence

ψ := ¬Bival(β) ∨ ¬ϕ(R|β),

where
ϕ is the sentence using only the binary predicate symbol R
which says “it is a linear order with at least one limit point”
β(x , y) := (∀xPx)� (Px→Py),
Bival(β) := ∀x∀y(β(x , y) ∨ ¬β(x , y)).

Then, ψ ⊕ ψ is a standard Łukasiewicz tautology that is not a
general tautology.

Remark: We already know that ψ ⊕ ψ is a standard Łukasiewicz
tautology that is not a supersound tautology.
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Distinguishing standard from general tautologies

Open Question
Can we give some sentence ϕ (using only a binary predicate
symbol) such that

2.(¬Bival(β) ∨ ϕ(R|β)) ∈ stL∀ \ genL∀ ?
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